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Heat, Mass, and Momentum Transfer M. Bannerman

This document contains the tutorial questions for the 15-credit EX3030 Heat, Mass, and
Momentum Transfer delivered at the University of Aberdeen. This course is also partially
delivered as a 10-credit EM40JN Heat and Momentum Transfer course.

The recommended questions you should solve for each week are:
 Tutorial 1: Q. 1 to Q. 11.

« Tutorial 2: Q. 13 and Q. 14.
« Tutorial 3: Q. 15 and Q. 18.
« Tutorial 4: Q. 26 and Q. 31.
« Tutorial 5: Q. 27, Q. 28, and Q. 33.
+ Tutorial 6: Q. 35 and Q. 46.
« Tutorial 9: Q. 52, Q. 53, and Q. 56.

Tutorial 10: Q. 59, Q. 61, and Q. 62.

e Tutorial 11: Q. 68, Q. 69, and Q. 71.

All other questions are provided for additional practice and should help you to explore all
aspects of the course.

Fully worked solutions are available but you should attempt the problems without the solu-
tions, its the only way to find out what you don’t know!

Where marks are given, these are indicative of the relative weighting each part of a question
might have. Please note, the number of questions in an exam (and exam durations) have
changed over the years, so the overall marks for a question may now be different to what is
reported here.

All past exam questions are collected in this document.

Questions

Question 1

Your house is 18°C inside when it is 4°C outside. If your walls are 20 cm thick and have a
thermal conductivity of 0.03 W m~! K1, calculate the heat lost per unit area of wall.

Notes: The heat transfer rate per unit area of wall, g (W m~2), is given by:

qg=UAT

where U (W m—2 K—') is the heat transfer coefficient, and AT is the driving temperature
difference. For solid, rectangular walls U = k/L, where k is the thermal conductivity and L is
the wall thickness.
Solution:

For conduction problems, we have

k
q= Z(TI - To)
0.03 5
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[Question end]

Question 2

Model your house as a box 10 mx10 mx10 m and calculate the heat transfer from its side
walls, is this estimate reasonable? What natural effects are missing from this model?
Notes: For simple heat transfer, the total heat transfer Q (W) is given by:

Q=qgA=UAAT (1)

Solution:
There are four sides to the house, each 100 m?; therefore, we have

Q=qgA
=400 x2.1=840W

This question is to get you thinking about modes of heat transfer, and remind you that you
already know quite a bit about it. We are missing effects from the roof, windows/doors, and
ventilation. We’re also missing convection and radiation, not to mention the layered nature
of each wall. This heat loss estimate is a little low, but it is sufficient to obtain an order of
magnitude estimate.

[Question end]

Question 3

What is the pressure at the bottom of the Mariana Trench (the deepest part of the ocean)?
Note: Its depth is 10.911 km and you may assume the density of water is roughly constant
at p = 1000 kg m—3.

Bernoulli’'s equation is

1 1
5P v12+p1+p1gh1=§p2v22+p2+ngh2 )

Solution:
Assuming ocean water is stationary v4 = Vo = 0, and the surface hy = 0 is at atmospheric
pressure py = 1 atm=1.013 bar, and g = 9.81 m s~2 we have:

0 0 0
1 1
5101}’12’ +pi+prghl =§P2}’§’ + P2+ p29ho
1.013 x 10° + 1000 x 9.81 x 10.911 x 10° = p,
P2~ 1071 bar

[Question end]

Question 4

Assuming that blood has a density of 1060 kg m—3, what is the maximum height your heart
can lift your blood, given that a typical driving pressure of the heart is 100 mmHg (0.13 bar)?
Note: You can use Bernoulli's equation and as you're looking for the maximum height, you
may treat the blood as stationary at both ends.
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Solution:

Assuming the blood is stationary (v

0.13x10%
1060 x 9.81

0) at both ends we have:

1 1
Em)’{ +P1 — p1 g hy =§Pz}’2{ +P2—p29ho

Although this seems small considering we’re assuming the flow is stationary (it is less than the
average height in the UK), your heart only has to pump blood upwards from your chest to
your head. Blood within your extremities (arms and legs) is pumped outward by the heart and
is returned in part by the action of your skeletal muscles around your veins (look up skeletal-
muscle pumps for more information). Giraffes have twice the blood pressure of humans.

Question 5

[Question end]

Write the following expressions in index notation, and state whether the answer is a scalar,

vector, or matrix.

Question 6

Givena=1[1,2,3]and b =

6th December 2023

[Question end]

[4,5, 6], calculate the following

Solution
a; + b; (vector)

matrix)

(

b; (
c; a; b (vector)
Aj (vector)
Aj b; (vector)
a; a; (scalar)
Ajj Ajxbx (vector)
aj b; cx Ay d; (matrix)
(

d(b; ¢;)/dr; (vector)

Solution

[5,7,9]

[4,8,12]
1x4+2x5+3x6=32
124224 32=14
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e) V-b As all elements of b are constant, its 0
0, 0, 0

fy Vb As all elements of b are constant, its |0, 0, O
0, 0, 0

[Question end]

Question 7
Write the following expressions in vector notation.

Solution
a) a b ab
b) ax a-b
c) bjAja; a-A-b
d) a; b, ck abc
e) aiba a’b
f) a;j (0b;/on) a-Vvb

[Question end]

Question 8

The del operator (V = 0/0r) is a “vector” version of the derivative. Like the normal derivative
operation, it has a product rule. Prove the following identity:

V-ab=bV-a+a-Vb

Hint: Use index notation, treat a; and b; as functions of x, y, z, and use the normal product
rule!

Solution:
Working in Cartesian coordinates (x,y,z) we can use index notation,
V-ab-= Via; bj
We can expand the del operator into index notation V; = d/dr;. This gives
0a; b
V-ab=—~
or

We can use the normal product rule, as it doesn’t matter what values are i or j are (they don’t
affect how the derivative operation will proceed). If you don’t believe this, write out the full
vector representation and follow it through. Applying the product rule, we have:

V -ab = aa_’b/
or
0a; 8b
= bji
or; 8r,
And going back to vector notation, we have the answer!
0a; ob;
V-ab=b— +a—’
o 8r,-
=bV-a+a-Vb
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This tutorial question shows that it’s easy and powerful to work with index notation (it works
almost like normal scalar calculus). You can easily find other identities like this one

V2fg=fV2g+2(Vf)-(Vg) +9gV>f
[Question end]

Question 9
Using index notation, prove the following vector calculus identity:

V2fg=fV2g+2(VF)-(Vg) +gVaf

[5 marks]
Note: You must treat f and g as functions of x, y, z.
Solution:
Converting to index notation in Cartesian coordinates (x,y,z),

0 0
2 — —
Vitg= or; (50 fg)

YWe can’t use 92/0r? as there is no repeated i index. Using the product rule on the term in
1 i
parenthesis
0 og of
on, 9= "o * 9o,
{ Using the product rule again to apply the second derivative to both of these terms gives
o 0 8fag 0 (9g ag of 0 of
f f— ——
or, or; g= or or; * ar; or; " or; or; or; g&r,-(?r,-
_1 009 ,0f0g 0 of
or or,  ~or or; gar, or;

4 Converting back to vector notation, yields the identity,

0 0 R »
aror fg=fVg+2(VIF) - (Vg)+gV-f
v
1
[Question total: 5 marks]
Question 10
Solve the following integration and differentiation problems:
Solution
a) [rdrr § +Cyr
) [[0dodr r(62/2+Cy) + Gy
o) [,y 'dy In (%)
d) [xsinxdx (hint: by parts) sinx — xcos x + Cy
e) V-rwherer=[x,y,Z] 3
1, 0, O
fy Vrwhere r=[x,y,Z] 0, 1, 0| =4¢;
0, 0, 1

[Question end]
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Question 11
Solve the following integration problem by using a variable substitution of n = y/H.

H 2
y y
/o (A 7z + BH) dy
Solution:

As we have a variable substitution of = y/H, this yields dy = Hdn. Performing the substitu-

tion, we have:
PryvE Ly YA

= H(A/3 + B/2)

If you've done this without the substitution, you might notice the variable substitution makes
this integration simpler. You don’t have to use it, but some of the problems you will face
later are significantly easier if you use an appropriate variable substitution. The most obvious
variable substitutions use dimensionless variables (e.g. if y is a position, then H might be a
height, making 7 dimensionless).

[Question end]

Question 12
Using a Cartesian control volume (as illustrated in Fig. 1):

Control Volume AV = Az Ay Az

JB,y(xv ) + Ay7 Z)

Az

JB.o(x,y,2) VI a(x+ Az, y, 2)
—_— —

Ay

Az N

‘ JB,y(xaya Z)

Figure 1: A differential balance of flow property B in cartesian coordinates.

a) Derive the general advection-diffusion equation for a property B, including a source term,
0B. [12 marks]
Solution:

In each direction, we can perform a balance of the fluxes, Jg. Considering just the x —
direction, in an interval of time Atf, we have the following fluxes

[INPUT — OUTPUT], = At Ay Az (Jx(X, Y, Z) — Igx(X + AX, Y, Z))

Where the Ay Az term is the area of flux in the x-direction. Similar expressions can be
generated for the y and z directions. We should also consider the generation of B within
the control volume:

GENERATION = AtAx Ay Azog
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where og is the production of B per unit volume per time. The balance of fluxes, and
generation terms must equal the accumulation/change in concentration over the interval:

ACCUMULATION = Ax Ay Az ()
Setting these equal, and dividing by the control volume and interval we have

(At AV)~' ACCUMULATION = (AtAV)~' (INPUT — OUTPUT + GENERATION)
Colt+A0) = Calt) _  Jaulx+Bx) = Jpa(X) _ Joyly +Ay) = ay(y)
At -8 AX Ay

Taking all intervals in the limit that they tend to zero, we have

aCB _ aJB,X _ aJB,y . a‘-IB,Z

at B Tax oy oz
Writing this in vector and index form:
0Cs
W =0B — V . JB
b) Set B = mass and derive the continuity equation. [8 marks]

Solution:

For mass, the concentration is the mass density Cmass = p. We typically handle systems
where mass is conserved (no nuclear processes), therefore opmass = 0. For the fluxes, there
is only the convective flux, which is Jnassconv. = p V as mass diffusion only appears when
considering a single species in a multicomponent fluid, not the overall mass. Inserting these
definitions into the general balance equation we have:

dp
ar=Vory
or
dp
E+V-pv—0

[Question total: 20 marks]

Q.13  Question 13
Using index notation:

a) Write down the continuity equation (Eq. (65)).
Solution:

Note: The answers to these index notation questions have been expanded as much as
possible for your reference! Please do not write such verbose answers yourself! With a little
bit of practise you should be able to jump straight to the answer. In general, I will not expect
workings out for an index notation question.

The continuity equation fully expanded in Cartesian coordinates is

9 _ _
ot

If we collect the terms on the right hand side into a sum we can write

0
8_[;=_ > Vipv

i=x,y,z

(Vapve+VypVy+V,pV;)
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The summation convention (see the paragraph above) states that in index notation, whenever
an index is repeated within a term a summation is implied. So in index notation the con-
tinuity equation is

dp
LA _v Vi
ot Y
b) Write down the Cauchy momentum equation.
Solution:
The answer is
ov;
Pa—t’ =—pV;iVjVi=V;7j = Vip+pgi
We will now illustrate the connection between index notation and the full explicit “compon-
ent” notation. This is purely an educational exercise, do not write out the expressions
in component notation. The Cauchy momentum equation fully expanded in component
notation is:
Ovx Ave T
péa_vt Zj:x,y,z pV;VjVx Zj:x,y,z Vi Tix Vxp P 9x
V
paa_;/ = - Zj:x,y,zp vaf Wl — Zj:x,y,z vf Tiy| — Vyp + PGy
pﬁ Zj:x,y,z pVj vf Vz Zj:x,y,z vf Tjz Vzp P9z
Again, using the summation convention we can remove all of the sums in the above expres-
sion, as there is always a repeated index j whenever a sum is present!
pza—vg p ViV, Vx Vi Tix Vxp P 9x
Péa—vty == 1PViViVy| = |ViTy| = |VyP| + PGy
Pﬁ pViVijVz VT2 Vzp P9z
Finally, we can represent the x, y, and z components all at once by using an index which is
not repeated within a single term. Here, the index / is not in use so we can write
v,
Pa—tl =—pViVjVi=V;7; = Vip+pgi
[Question end]
Question 14

In a plate heat-exchanger, water is heated by forcing it between alternating plates and heat
is exchanged through the walls with a hot process stream. In order to design such an
exchanger, we need to know what the relationship is between pressure drop, flow velocity,
and volumetric flow-rate.

You may neglect the effect of heat transfer on the flow. Water is incompressible and Newto-
nian to a good approximation. For simplicity, you can also assume that the flow is laminar.

a)

Simplify the continuity equation for this system:

dp
— =-V -0V
o=V r
What does your result state about the flow velocity in the x-direction? [4 marks]

Solution:
If the fluid is incompressible (p = constant)y, we have:
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» L
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L

Figure 2: A plate heat exchanger (left) and the simplification to steady state, pressure driven
flow between two horizontal plates (right).

[1/4]

[1/4]
[1/4]

[1/6]
[1/6]

0
0 8v,~
zﬁf o =0
8V,‘
ar =9

Y As the flow is laminar (no turbulence), there will be no flow in the y-direction. We've
also been told there’s no flow in the z-direction, so we have v, = v, = 0 and the equation
becomes:

OVy
15).4

-0 (3)

{ This is a statement that the steady-state velocity profile between the plates does not vary
in the x direction.{

Simplify the x-component of the Cauchy momentum equation:
v
pa—t=—pV-VV—V-T—V,D+pg
Derive the following balance expression for the flow velocity v, as a function of the pres-
sure drop and position y: [6 marks]
9Pvx _Op
Fayz = ax

Solution:

Taking the x-component of the Cauchy momentum equation, we can eliminate the time
derivative as we are at steady statef and we can eliminate the gravity term as we are con-
sidering horizontal flowy

0
oV, ovy Otk O 0
vor o an xR
0=_— V.%_%_@ (4)

We demonstrated in the previous question that dvy/0x = 0 and the fact that nothing
changes in the z-direction (its translationally symmetric) tells us that 0vy/0z = 0. Thus,

6th December 2023 Page 9 of 157



Heat, Mass, and Momentum Transfer M. Bannerman

the only non-zero derivative of vy is OV /9y # 0. If we examine the first term of Eq. (4), we
find that the only term with a non-zero derivative is

y OVy
However, v, = 0 and so the whole first term is zero, leaving us with
_ == 5
ar 0x ®)
[2/6] ¢ Using the definition of Newton’s law (Table. ), we can define 7j as:

8Vi 8VX
=" ox T o,

We know that v, and v, are zero, and we know that dvy/0x = 0 (see Eq. 3), therefore the
first term is always zero! Inserting this into into our stress balance (Eq. 5) we have

oo _ap
“or or T ox
[1/6] Y We know that Ovy/0x = 0 (see Eq. 3), and we know the velocity doesn’t change in the

Z direction (0vyx/0z = 0). Therefore only the i = y term is non-zero, giving us the final
[1/6] result:y

0PV p

Fayz = ax

c) Continuing from the result of the previous question, derive the following expression for the
velocity v, as a function of y using the no-slip boundary condition at the plate surfaces

(w=0aty=0andy=H). [6 marks]
out — Pin 2
=——(y"—H
Solution:
Taking the result from the previous question, we can immediately integrate both sides over
X:
L 2 L
0~ Vy / op
dx = —dx
/o Poy T o ox
v, ]X=L Pout
b X| = dp
[ ay 2 x=0 Pin
P vy _ Pout — Pin
Paye =L
[2/6] ¥ We can now integrate both sides by y, twice, to yield
Vy = —p"gu_Lp"”ﬁ +Ciy+Co
[2/6] ¥ where Cy and C, are integration constants. From the boundary condition v, =0 at y = 0,
[1/6] we know the last constant C, = 0.y From the boundary condition vy = 0 at y = H, we have
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Pout — Pin
=Pt Pnpy
G 2u Ll

{ Using this, the final equation becomes

ve= PPy — Hy)

Integrate the velocity over the plate height and width to prove the following expression for
the volumetric flow of liquid through the gap as a function of pressure drop:  [4 marks]
_ZH*AP
*T 12, 1 L

Solution:
For volumetric flow in the x direction, we have:

_ Z H
VX=/ / vy dydz

_ pout Pin B
- [ PP ey

pout pln
-z [P Py

Pout — Pin | YV~ Y
=L 2ul [3 HZ]Y=O

H3 me Pout

12 L
_ZHAP
T 12u L

v
4

Extra credit: Assume that somehow, the top plate is set in motion with a velocity Upjae in
the x-direction. Derive the following new expression for the velocity between the plates:

Pout — Pin

Vi = 2ul

(y2_ Hy)"‘%uplate

Solution:

This is just a re-determination of the integration constants from the answer to the previous

question using the new boundary condition. We had

Pout — Pin
2ul

Again, from the boundary condition vy = 0 at y = 0, we know the last constant C, = 0.

From the boundary condition Vy = Upjate at y = H, we have

Vy = Y2+ Ciy+Co

Uplate = Pout — Pin = TTH? 4 CiH

2u L
_ Up/ate _ Pout — Pin
Ci=-5 2L H

Using this, the final equation becomes

VX=W(y2_Hy)+%Uplate
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[Question total: 20 marks]

Question 15

A plate heat exchanger is used to heat water inside a condensing reboiler (a modern central
heating boiler). Water flows through both sides of the exchanger. The exchanger consists
of 8 channels (4 per side) each with a gap of 1 mm between the plates. Plates may be
modelled as 30cm long in the direction of flow and 10 cm wide.

a) If the water pressure drops by 0.06 bar across one side of the exchanger, what is the res-
ultant volumetric flow of water? You may assume an effective viscosity of 1 ~ 0.5 mPa s
and a density of p = 1000 kg m~3.

Solution:
In each channel, the volumetic flow is

V. = H3 Wpin — Pout
= LA i)

12 L
0.06 x 105
= (1x10%° 0.1
(1x107) 015 05 10 5 x 03
~0.00033 m® s '~ 0.33 15"

The total flowrate over all channels is then 4 x 0.33 =1.321s 1.

b) State all of the assumptions that have you made in this estimate.
Solution:
Assumed steady-state, incompressible, well-developed flow (ignoring the entry ports of the
exchanger). Also ignored the effect of changing temperature on the viscosity of the fluid.

c) Is this likely to be an over or under-estimation of the flow rate?
Solution:

The flow rate is likely to be an over-estimation as we have neglected the pressure drop
in the entry and developing flow regions, which can be considerable in such a small flow
geometry. Realistic flow rates are in the order of 0.04 1 s™' for these conditions. Another
source of error is that the model does not include the irregular surfaces used to increase the
mixing and heat transfer area in plate heat exchangers.

[Question end]

Question 16

Water is overflowing a dam and down an inclined slope (see Fig. 3). The surface of the dam
can be idealised as a rectangular plane which is symmetric in the z-direction, and (for now)
only laminar flow is being considered.

a) Simplify the continuity equation for this system and state any assumptions you make.

[6 marks]
Solution:
Assuming water is incompressible (p = constant) and using Cartesian coordinates (x,y,z),
the continuity equation becomes,} :
0
0 L
Eé +V.-pv=0
V.7 vy 0v, 0V, _0

8x+8y+8z
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[1/6]

[2/6]

[1/6]

[3/10]

[2/10]

Figure 3: Water flowing down an inclined plane.

{ As the flow is laminar there will be no flow in the y-direction and we’ve also been told the
system is symmetric in the z-dimension so there is no reason to believe there is flow in the
z-direction, so we have Vv, = v, = 0§ and the equation becomes:

OVy
ox 0 (6)

This is a statement that the steady-state velocity profile between the plates does not vary

in the x direction.y

Derive the following results from the Cauchy momentum equation and the general form

of Newton’s law of viscosity: [10 marks]
ot OVy
oy =P = Ty

Solution:

Taking the x-component of the Cauchy momentum equation, the time derivative can be
cancelled by assuming we are at steady state and the pressure term also cancels, as the
system has a free surface which equalises the pressure along the flow (and we neglect the
atmospheric pressure changes).

0 0

o V_%_(()Tix_gg/ + (7)
P roo Y ’8r,- aor. X P 9x

v
3

Considering the first term and expanding the index notation,

0 0
OVy ov; O0ov, OZé?Z
Vg, —pvxﬁé +o Y 3y 7 =l

The first term cancels from the continuity equation whereas the others cancel as there is no

flow in those directions. The final term on the right can also cancel due to symmetry in the

Z-direction. Thus, this entire term is zero.{

6th December 2023 Page 13 of 157



[1/10]

[4/10]

[1/9]

[3/9]

[1/9]

[1/9]

[3/9]

Heat, Mass, and Momentum Transfer M. Bannerman

The equation now becomes,

87,-X

Using the 3D definition of Newton’s law, we can define 7 as:

8v,- 8vx 0
Tix = —[4 (8_x + 8_1’,) O N~V

Y The final term V - V = 0 cancels from the continuity equation. We also know that v, and
v, are zero, and we know that dv,/0x = 0 from the continuity equation, therefore the first
term is always zero. Only the 0v, /0y term is non-zero, thus the expression is

OTyx o OVy
dy = px yx = May

¥ where we have assumed a Newtonian fluid with constant viscosity.

Define your boundary conditions and derive the following expression for the velocity pro-
file, [9 marks]

2
Vx=p_gX<Yy_y_>
1 2

Solution:
Integrating the equation from the previous slide

Txy = p9x Y + Cy

{ At the surface of the flow the stress is neglighle due to the low viscosity of air, thus
Txy(r = Y) = 0, and solving for the constant gives the following expression

Ty =p9x (Y —Y)

¥ Inserting the expression for the stress and integrating again,

P 9x (y2

VX=_M ?—Yy)+Cg.

{ The other boundary condition is the no-slip condition, Vy(r = 0) = 0. This gives Cp = 0Y
2
Vy = P 9 <Yy—y—>
1 2

Use an integration of the velocity over the flow area to determine the following expression
for the volumetric flow rate, [6 marks]

v
3
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Solution:
For volumetric flow in the x direction, we have:

) zZ vy
VX=//deydz
p9x Y2 [y y?
// (V‘W)dydz

2
> 14
_PHY Ty
21 Y 3Y2],
P Y3Z[y2
21 2 3Y3,
P 9x Y:z
3u
[6/6] g
e) Provide an expression for the maximum flow velocity.
Solution:
[2/2] The maximum velocity in the system is at ¥y = Y, thus Ve = pgx Y2/(2 )5

[Question total: 33 marks]

Q.17 Question 17

Consider pressure-driven flow along a horizontal pipe, as illustrated in Fig. 4.

[2 marks]

LI

R

[

Vz Trz

I
L.

Figure 4: An illustration of pipe flow.

a) Simplify the continuity equation for this system, what does it tell you about the flow?

Remember to make your assumptions and their effects clear. [6 marks]
Solution:
[1/6] Assuming either steady-state or incompressible fluid, the time derivative can be eliminated.y
0
9)
Eé —V-pv=0
V-pv=0
[1/6] If the fluid is incompressible, the density can be divided out of the expression.y
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As we're in cylindrical coordinates, we must look up the result of the gradient operator in
cylindrical coordinates:
10rv, 10vy OV
Vevs——t 4 -2 22
ror rofd 0z

v
i

Assuming the system is rotationally symmetric then 9/90 = 0y. Assuming well-developed
and laminar flow, then v, = 0¢. This leaves the final term:

ov.

ZZ2_-0

0z
Which states that the flow velocity in the X-direction is constanty .

Derive the following differential equation from the Cauchy momentum equation.
10 op
ror 0z
Remember to make your assumptions and their effects clear. [7 marks]
Solution:
Starting with the Cauchy momentum equation:
ov
P ot

(rez) =

=—pV-VV-V.17-Vp+pg

Assuming steady state,

O0=—pv-Vv-V.-7-Vp+pg

v
i

We're only interested in the z-direction, so

0
0= —plv- V¥, ~ [V 7], ~ 52490

v
1

As the pipe is horizontal, g, = 0Y.
For the first term, we have the following definition from the datasheet for cylindrical co-
ordinates:

ovy Vypovy ovy

WV Vv =vigr + a0 * 2oz

We have dV,/0z = 0 from the first question, and 9/90 = 0 from rotational symmetryy. The
first term is zero as Vv, = 0 from laminar well-developed ﬂowf, thus this entire term is zero.

Considering the second term, and expanding it from the datasheet:

10 1079, 0Tz

Vol = o o)+ 0 * 0z

We can cancel the middle term from the rotational symmetry 0/00 = 0. The last term
can be cancelled as there is no velocity change in the z-direction (thus no stresses can be
induced)y . Alternatively, each stress term can be individually expanded and eliminated by
considering each of the velocities (as is done in a later sub-part of this question for the 7.,
term).

Putting this all together yields the final expression.
10 op
ror =",
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c) Determine the following expression for the stress profile.

Ap,
2L’

Trz = —

[3 marks]
Solution:
Performing a definite integral in the z-direction (from z = 0 to z = L), all terms are constant
thanks to the only non-zero velocity being constant, i.e. dv,/0z = 0. This allows a simple
replacement of the pressure drop

10 Ap
ror =T
[1/3] where Ap=p(z=L)—p(z=0)y.
Performing an indefinite integral in the r direction,
OrTy Ap
r=—=" [ rdr
or d L d
A C
7= 2lL) * r1
L R
[1/3] As the stress has to be finite in the centre of the pipe then Cy = 0Y. Alternatively, this

can also be deduced as the stress must go to zero in the centre of the pipe as it is a line of
symmetry in rz. Cancelling the Cq term gives the final expression:
bp,

2L

Trz =

d) Demonstrate that the velocity profile is as given below.

Ap

Ve = 4p,L

("= R)

[4 marks]
Solution:
Taking a look in the datasheet for the stress:

ov, N oV,
Tgr = —p | —
=71z " or
[1/4] In this case, V; = 0 due to assuming laminar well-developed flowy . Inserting this into the
above equation,

ov; —%r
Wor = 2L

Trz = —

a4
Integrating in r,
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v
i

As the velocity must go to zero at the walls, Co can be determined,

Ap
V:= 4L (r* — R?)
v
1
[Question total: 20 marks]
Question 18

An annulus (see Fig. 5) is a very common flow configuration where a fluid is flowing between
two concentric pipes. Real examples of annuli include oil and gas wells and concentric-tube
heat-exchangers in air conditioners. A “completed” oil-well may consist of up to 3 annuli
around the central “production” pipe. We need design equations to calculate the relationship
between pressure drop and volumetric flow-rate.

L
Vs Tzr

(% Tzr
wL\\\\\\\\\\\\\\\\\\\\\\\\ SOONNNNNNNNNNN

Figure 5: An annular flow geometry.

Assuming we have a steady-state, laminar, incompressible, and well-developed flow inside
an annulus:

a) Demonstrate that the continuity equation simplifies to the following expression.

ov,
0z 0

State your interpretation of this expression.

Solution:

Note: This question covers all parts of the solution in great detail. Please read it carefully
and use it as a template to fill in any skipped steps for all later solutions.

If the fluid is incompressible (p = constant), we can cancel the time derivative and divide
both sides by the density:

0

% +V.-pv=0

V-v=0
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Using the definition of V - v in cylindrical coordinates, we have:

10 10vy OV,
ror " 50 T oz =0

If the flow is laminar and well developed, we have vy = 0 and v, = 0 which leaves us with

0
10 0\ 1ow” ov,
75(”’)*7 o0 "oz =0

oVy
0z =0

This is a statement that the steady-state velocity profile does not vary along the pipe axis.

b) Simplify the Cauchy momentum balance equation to yield the following result.

10 ap
0= “Tror (r7rz) — 97 +P9z
Solution:
Taking the z-component of the Navier-Stokes equation, we have:
ov.
pgp =PV VVL =V 7], = [Vpl, + 00

0

92 as we are at steady state to give us

we can immediately eliminate the time derivative %2

0=—[pv Vvl ~[V-7], - [Vl +p0:

We can assume that the first term will disappear as its the advective term and there are
no changes in the direction of flow (it has also disappeared every time before), but we must
prove this. Looking up the expanded definition of the first term we have:

0

00V, N yg'o(?vz N oV

V-V =Y 5r + T 50 Va2

The terms above can be cancelled as we know that v, = vy = 0 as the flow is well developed
and the geometry will not allow flow in that direction (so we can immediately delete the first
two terms). We also know the last term is zero from the continuity equation. Eliminating
this whole term gives us the following:

0=—[V-7],-[VPl,+rg:
Expanding the left term, we have:

12“ )+1%+8722
rort T 00 T oz

[V'T]z =

We can insert the definitions of each of the stress terms and cancel the terms with v, or vy
in them or derivatives in z. For example:

(1% v
T0z="H\ 00 T oz
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The first term cancels as nothing changes in the 6 direction (0v,/00 = 0 as the problem is
rotationally symmetric), and the second as vy = 0. You should note that the two indicies on
the stress always indicate the derivatives and components of the velocity of the two terms.
We can then immediately cancel the 7,, term as it is only a function of OV, /dV;, or V-V, both
of which cancel due to the results of the continuity equation. Only the 7,, term remains,
inserting this into the balance along with the definition of [V p],:

10 op
= _FE(rTrZ) a9z +P9z

This is the result required.

Integrate the equation to express it in terms of the pressure drop over the length of the
annulus. Give reasons why the stress term 7, is independent of z.

Ap 10
LT o ree

Solution:
Taking the solution to the previous equation
10 op
O0=———(r - —+
ror (7 =5, P9
We can rearrange it ready for the integration:

% = _17% (r7ez) +p Q-
Whatever the type of fluid (Newtonian, Power-Law), the viscous stress 7, is a function of
the velocity profile. However, we know that the velocity profile is not a function of the z
direction from the continuity equation (%—VZZ = 0). Therefore, the stress 7, is not a function
of z and neither are its derivatives. Gravity and density are also not a function of z. So we
can perform the integration treating the terms on the right as constants, like so

z=L ap z=L 1 a
/Z=0 Edz = L=O (—75 (I’T,z) +,0gz) dz

[ o= [(<3
= —— = UITz)+p0z ) Z
p(0) P K ror pg) :|z:0

Note: You should note what just happened on the left hand side. This is how all integrations
work, you actually integrate both sides with respect to a variable but if one side is just a
derivative then a change of variables takes place! Make sure you understand this and changes
of variable before proceeding! Carrying out the integration on the left and substituting in
the limits on the right we have:

10
plz=0) - pz=0)= (11 rra) +pg: ) L
ap 10

[ = _75 (r7z) + pg:

Solve the above equation for the stress profile in an annulus using the assumed boundary
condition that the stress is zero at a critical radius r = A R. Prove that it is the following

expression:
1 Ap 2R3
g (0= ) (=572
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Note: The critical radius A\ R is the location of the maximum velocity, and will be determ-
ined once the viscous model is inserted.

Solution:
Taking the result from the previous question
A 10
T A SN
rearranging to make it straightforward to integrate
10 A
o) = e

Integrating both sides by r:

Ap)\ r?
I, = (pgz_Tp>§+C
Then dividing both sides by r, we have:

Ap\ r C
>2+7

Trz = (pgz - T

As stated in the question, at a location r = A R, the stress is zero (7, = 0). We can then set
r = AR and set 7, = 0 in the previous equation to find an expression for C.

A N R?
C=—<sz—Tp) >

Substituting this back into the previous equation we have

1 Ap 22 Rg
I

Solve for the velocity profile by assuming the fluid is Newtonian. Try to rearrange the
result of the integration into the following convenient form:

R? Ap\ [ r? 5 r
VZ=—E <pgz—T) (W—Z)\ In (ﬁ) +C>

Solution:
Looking up the definition of the 7, stress from the datasheet tables and substituting it into
the expression we have,

ov, 1 Ap \2 R?
ey s \PET T )\ T

Rearranging the equation to have dimensionless terms (not required, just for neater calcu-

lations), we have:
ov. R Ap r >R
ar - 2u (pgz T) (ﬁ A 7)
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Performing the integration in r (and skipping over the whole change of variables from before),

we have:
R Ap r MR
=g (9= L) [ (A=)
__R Ap 2
=3, (pgz T) (ﬁ_)‘ RInr+C1>

R? Ap 5 201

As Cj is an unknown integration constant, we can freely write it in terms of another unknown
integration constant Cp

2 Cq

B =C+2XInR

Note: This is a common “trick”, you can pull any constant terms you like out of an unknown
constant! Its very useful for tidying up equations.

This allows us to simplify the above equation further to

R? Ap 2
Vy = — i (ng_T> <R2—2>\ In(R)+Cg)

This is simpler as each term has a dimensionless r/R variable. In fact, all logarithmic
terms should always have dimensionless arguments!

f) Using the no slip boundary condition at r = R and r = R, solve for the unknown con-
stants C and X in the above equation and generate the final expression.
Solution:
Starting with v, = 0 at r = R, we have

1+C=0
thus C=—1 and for v, =0 at r = k R we have
K2 —2XInk—-1=0
Rearranging we have

K2 —1
Ink

2)\% =

substituting these constants back in to the final result we have

R? Ap r° k2—1 r
e oo ) (5t

[Question end]
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Figure 6: A sketch of the evaporative cooler

Question 19

An evaporative cooler is sketched in Fig. 6. The process functions by first pumping water up
a vertical pipe and then allowing it to flow down the exterior of the pipe. The properties of
the external film flow are essential for the design of such a cooler.

a) Simplify the continuity equation for this system. What are your assumptions and what
does your result tell you about the flow along the pipe? [5 marks]
Solution:

If the fluid is incompressible, we have

0

% +V.-pv=0

If the fluid is incompressible (p = constant), we can divide both sides by the density to yield
V.-v=0

It’s not straightforward to use index notation in curvelinear coordinates, so we resort to
looking up the definitions in the tables in the datasheet. In cylindrical coordinates,

10 10wy 0OV,
V=——/(r __ 7
v rar Tt T a2
If the flow is laminar and the flow is well developed, the flow in the 6 and r directions must
be zero, v, = vy = 0. This leaves us with

0
10 0 10w OV,
VovE o (”’" )*7%* oz =0
oV,

a9z =0
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This is a statement that the steady-state velocity profile does not vary along the pipe axis.

Derive the following equation for the stress profile from the general momentum balance
equation (Eq. (67)). State any additional assumptions you make.

10

Tor (rmz) = pg:

[6 marks]
Solution:
We are interested in the flow in the z direction, so we should take the z-component of the
Navier-Stokes equation
oV,

E = —p[V-VV]z—[V- 7-]z_[vp]z‘i'pgz

0

% as we are at steady state to give us

we can immediately eliminate the time derivative 7

—p[V- VV]z - [V T]z - [Vp]z"'pgz =0
We can also cancel the pressure term as this is film flow, and the system is open to the air.
—p[V'VV]Z—[V' T]z+ng=O

The first term always disappears in this course as we are treating incompressible flow. To
demonstrate this, we look up this term in the datasheet:

8vz+ﬁ8vz+vavz
or r 90 ‘oz

We know that v, = vy = 0 as the flow is well developed and the geometry will not allow flow
in that direction so we can immediately delete the first two terms. We also know from the
continuity equation that dv,/0z = 0, thus this entire term is zero. Next we consider the
stress term. Looking it up in the datasheet,

10 1% 0 Tzy

Vol =2 U=+ 1700 * a2

Please see the previous question for a full explanation of the steps here. Wherever there is
symmetry in well-developed flow, the stresses must be zero. We note that the problem is
rotationally symmetric in # and we have vy = 0, thus 7y, = 0. From the continuity equation
we have V,V, =0 and V - Vv thus 7,,. Cancelling those terms leaves

19
ror

[v-Vv],=Vv

(rrz) =pg:

Solve the equation for the stress profile to obtain the following velocity profile for the flow.

Vv, = pifz (1 - (%)2+2)\2 In (é))

[9 marks]
Solution:
Take the answer to the previous question and substitute in the r component of the gradient
operator to give

18!’7’,2
r or

=p0z
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We can integrate this expression to yield

C
P9z re
2
We can solve for this using the boundary condition that the stress is zero at a free surface,
Tz=0atr=\R

Trz =

_fogz)\2 R?
2

_ PQZ< )‘2R2>
Trz=—Ff-\I—

C =

2 r

Now we substitute in Newton’s law of viscosity to obtain

ov; pg: A2 R?
War = 2 (r— r

Integrating we have

sz_ﬂ_gz(

r2
——>\2F1’2Inr+Cg)
2

2

To determine the constant, we use the no-slip boundary condition v, =0 at r = R

2
Cg=>\2,‘-?‘2lnF|’—i

2
Inserting the expression and tidying up
P9z (* o g 2 Q2 R?
=— — - XRInr+ \*RInR—- —
2= T2 (2 ¥ 2

_rg R? L (\? 2 r
T 4p (1 <R> +2a '”(ﬁ)
[Question total: 20 marks]

Question 20

A Couette viscometer tests the viscous behaviour of a fluid using rotational shear in an
annulus (see Fig. 7). The fluid is sheared by rotating the outer wall at an angular velocity
of Qy, giving vy(r = R) = Q¢ R. The inner cylinder is held stationary, giving vy(r = k R) = 0.
There is no flow along the axis of the annulus.

a) Derive the following expression by solving the continuity equation, given in Eq. (65), for
this system.

aVQ
a6 =0 ©)

Clearly state any assumptions you make. What does this tell you about the flow? [5 marks]

Solution:
The continuity equation is
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Figure 7: A simplified diagram of a Couette viscometer.

If we assume the fluid is incompressible, we can cancel the first term and divide out the
density to yield

V.-pv=0

10 10vy OV,
=ror+ T 57 =0

V-v

where we’ve expanded the gradient operator in cylindrical coordinates. We assume that the
flow is well-developed and we can cancel any flow in the z and r directions to yield

oV,

% _0

00
This indicates that the flow does not change in the 6-direction (it is rotationally symmetric).

The velocity profile of the system is given by the following expression:

kR _ _r
V9=QQRr—NR (10)
k—1/k

Derive the following expression for the stress profile in the system.

1 Qo k2 R?
k2 —1 r?

(11)

Trg = 2

[10 marks]
Solution:
From the datasheet, we know the stress is given by

o= (’a (7)+ 7@)

We can cancel the radial velocity term as the flow is well-developed.

s ()
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Inserting in Eq. (10), we have
0 (10 -t
o= Ty <FQO RR —1/k

W 0 (1 (KR 1
Ck—1/k "or r kR
quFx’r8</<th’_ 1 )

k—1/k " 0r xR
=_MQOR,. 2/1R+0
k—1/k rd
wQ R kR
_2 A
k—1/k r?
,qu,'-<;2,‘:1’2
" i

c) Derive the following expression for the torque exerted on the outer surface (r = R) to keep
the fluid in motion.

T=4rRRLE0E Qo’z
where L is the length of the viscometer.
Note: The torque is the total magnitude of a tangential force, such as the viscous stress
Trg, Multiplied by the radial distance at which it acts. [3 marks]
Solution:
Take the expression for the stress and calculate it at the outer surface r = R, to give

1

Trg = ZMQT? g

The surface area of the outer cylinder is 27 R L, thus the total force exerted on that face is

Q
4rRLE 3”’1
The torque is then
T = an g 1500
K2 —1
d) The torque is measured during the operation of the viscometer. How are the viscous
properties of the flow determined? [2 marks]
Solution:

The torque is directly proportional to the viscosity of the system, thus the answer to the
previous question may be used to directly determine it.

Extra credit if the student notes that the stress profile is not linear in the system, as this
makes it difficult to solve for the properties of non-Newtonian fluids.

[Question total: 20 marks]
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Figure 8: Flow of water within a vertical annulus.

Question 21

Coil-tubing is being removed from an oil and gas well. This may be modelled as a cylindrical
rod, radius Ry, moving upwards along the axis of a vertical cylindrical tube with inner radius
R., at velocity, U (see Fig. 8). Water flows freely in the annular gap between the rod and the
tube wall.

Note: You may ignore the effects of pressure gradients in this question.

a)

Define the coordinate system you will use and the boundary conditions of the flow.
[3 marks]

Solution:

A cylindrical coordinate system will be the most convenient for this system as there is an

axis of symmetry. There are three coordinates in a cylindrical flow, r, 6, and z. The axial

z-direction will be the vertical direction in this case. We will only consider flow in the

Z-direction.

There are two non-slip boundary conditions for the flow in the z-direction.

Vo(r=Ry)=U Vo(r=R) =0
Simplify the continuity equation for this system. What are your assumptions and what
does your result tell you about the flow along the annulus? [4 marks]
Solution:

If the fluid is incompressible, we have

0

% +V-pv=0

If the fluid is incompressible (p = constant), we can also divide both sides by the density to
yield

V-v=0

It’s not straightforward to use index notation in curvelinear coordinates, so we resort to
looking up the definitions in the tables in the datasheet. In cylindrical coordinates,

10 10vy OV,
Vovs Lo T Tt 7
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If the flow is laminar and the flow is well developed, the flow in the € and r directions must
be zero, v, = vy = 0. This leaves us with

0
10 0 10w 0V,
V'V'FE(W"»’_ o0+ oz =0
ov,
82_0

This is a statement that the steady-state velocity profile does not vary along the axis.

Derive the following balance equation for the momentum. You may assume that water
is a Newtonian fluid, the flow is well developed, at steady state, and that any effect of
pressure can be ignored. [5 marks]

lg(r )_
ror T2 =10z

Solution:
We are interested in the flow in the z direction, so we should take the z-component of the
Navier-Stokes equation

Vz

P ot

=—plv-VVv], - [V- 7, - [Vpl, +r9:

0
we can immediately eliminate the time derivative 8‘; as we are at steady state AND cancel

the pressure term as we are allowed to ignore it in this particular case to give us
—p[V'VV]Z—[V' T]z+pg2=0

The first term always disappears in this course as we are treating incompressible flow. To
demonstrate this, we look up this term in the datasheet:
oV, VyOV, oV,

[V-VV]Z=V,8r + 50 +V282

We know that v, = vy = 0 as the flow is well developed and the geometry will not allow
flow in that direction so we can immediately delete the first two terms. We also know from
the continuity equation that dv,/0z = 0, thus this entire term is zero.Next we consider the
stress term. Looking it up in the datasheet,

1 8 187-02 87’22
Vol =25 U=+ 1700 * a2

Wherever there is symmetry in well-developed flow, the stresses must be zero. We note that
the problem is rotationally symmetric in 6 and we have vy = 0, thus 75, = 0. From the
continuity equation we have V, v, = 0 and V - v = 0 thus 7,,. Cancelling those terms leaves

10 10557°  01s°
ror TR gt oy SO

10 , _
FE( Trz) = P G-
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d) Derive the following expression for the velocity profile of the fluid within the tube. [4 marks]

rr C
VZ=_pgz + nr+ G

4pu It

where C; and C, are unknown integration constants.

Solution:

As the fluid is Newtonian, 7, = —u (a"z + %‘;’) The last term is zero as V, = 0 if the flow is

well-developed. Inserting this expression into the result of the previous equation

10 r@vz .
ror\'Por ) T P9

Starting with the equation from the previous question, we have

10 oV, _
ror Mar =19

8 ovz\ L,

ov, r
Mo = —5 PGz + G
v,  rpg; . ﬁ
o 2u  ur

V, = _pgzr anr+ C
4pu It
e) Using the boundary conditions, solve for the constants C; and Co.. [2 marks]

Solution:
Using the boundary conditions from the first question, we have

V.(r=Ry)=U V.(r=R)=0
2 2
U=—ipgz+£InR1+Cg 0=—ipgz+ﬁ|nR2+Cz
4 4p H

We can solve these for the constants Cy and Co..

RZ
C 4 pgz—_lnRz
2 Rg
U=- 4 ,OQZ |nF?1+anz In R>
R2 — R?
24M g Ri /R
co. MU R-R
TR /R) 4R /Ry %
2
Ce = R Qz—gm%
R2 - UIang cinp. R R
“ 4.9 nRJ/R) 2auin(Ri/Ry) "9
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We will later use the dimensionless variable A = Ro/Ry, so it will be convenient to rewrite

the constants now using the following identites, INn Ry/R> = —IN R /Ry = —In A
Ci=- l/:f’gl/ij 4|I: /:1’27/: h9:
Co = fa P9z + %ﬁ% In Rz% P9z
Substituting back into the original equation, we have
v, = P9z (fi— r2) - F?l:/Fh In(r/Re) + %pgﬂn(r/%)
= (Rg - RO zﬂi/m RZ)) ~ Ay "R

To clean this up, we move to a variable A = Ro/Rj.

P9z Rg—r2+|n(r/R2)(R§_R12)>— U In(r/Rg)

Ve = 4 In\ In\
=p4_iz Rz —r? 4+ ln((r/R1)/|2))\(R§ R2)> U)\ ((r/Ry)/\)
=’;_~‘iz RE—r’—R3+ R+ f/R1IM ) %)
=p€12uR12 (1_/;_22+(A2_1> |r/AR1>+U( |r/AR1)

f) After using the boundary conditions to solve for the constants C; and C,, the velocity
profile was determined to be

bR (P In(r/Ry) In(r/Ry)
Vy = 4#1(1_§+(A2_1)T>+U(1_T>

where A\ = R,/ Ry. What is the average velocity of water in the annulus?
Note: You may need the integration identity

2
/x In(x) dx = ’; (m( ) — %)
Solution:

We need to find expression for the volumetric flow rate V, and the velocity U at which the
volumetric flow rate is zero. The volumetric flow rate is given by

. Rz
V, = 2w rv,dr
Ry
_npgz/%/’*z P e gy (/R e _rin(r/R)
=2, . r R2+(/\ 1) X dr+27 U . r 5\ dr
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Making a change of variables x = r/Ry, giving dr = Ry dx

- _7rpng?j‘/A a2 4y XInx 2/A _ xInx
VZ_—Z/L 1 X=x"+ (X -1) i dx+27rUF?11 X =0 dx

A
_ngzF?f' 5 x4 X2(A2—1) 1
——,u [X ——2 +—In)\ Inx — =

Need more lines!

. 4 4 )\2 /\2_1 2
VZ=M<A2—1—A LR )(In)\—l) A 1)

4 2 In A 2) " 20

A2 1 1
2 2 _ 4 _ I
ceum (1 2 (o 2) b))

Factoring out a A> — 1 term in the first term, and simplifying the second. ..

-_7T,ong1’j1 2 _/\2+1 )\_2 _1 1
i ] e et s W RS S R yme

2 _
+7TUH12()\ L 1)

2Inx
Simplifying the first, and back to single line equations

4 2 2
Vz=%o\2—1)(1+)\2—)\|n)\1>+7TUR12<%—1)

The average velocity is given by the flow-rate divided by the flow area A = m(R5 — R%) =

T R2(\2 — 1)
(va) =4 = 8 1 T )t 2y !

g) Given a flow system with dimensions of Ry = 10 mm and R, = 11 mm, at what speed, U,
does the rod need to be moved upwards so that there is no net upwards or downwards
flow of the fluid? Water has a viscosity of © = 8.9 x 10~* Pa s and a density of p =
1000 kg m~3. The z-component of gravity is given by g, = —9.81 m s~2. The average
flow velocity in the annulus is given by

pg. R , N1 U (21
V2 =g, (1” iy )T\ 2my

where A\ = R>/R;. [2 marks]
Solution:

We need to find the velocity where the volumetric flow rate is zero. The volumetric flow
rate is given by the average velocity times by the cross-sectional area of the flow V = (vy) A.
This means that the average velocity must be zero if the net flow is zero.

Rearranging the above expression for the velocity U and setting (v;) = 0, we have

L R2 (02— 1 2 _ 2 _ -1
y-o P9 )(1+A~2—A 1)(A 1 1)

8 1 In A\ 2Inx

_ 1000 x 9.81 x 0.012 (1.12 — 1) (1 e 1.12_1> (1.12—1 _1)‘1
8 % 8.9 x 10~ ' n11 )\ 2in1.1

~1.90 ms™'
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h) Given a flow system with dimensions of R; = 50 mm and R, = 51 mm, at what speed, U,
does the rod need to be moved upwards so that there is no net upwards or downwards
flow of the fluid? Water has a viscosity of 1 = 8.9 x 107* Pa s and a density of p =
1000 kg m~3. The z-component of gravity is given by g, = —9.81 m s—2. [2 marks]
Solution:

As above, but

U~1.849 ms’

[Question total: 22 marks]

Question 22

Oil is used to lubricate two horizontal parallel plates by injecting it and allowing it to flow
radially outwards from the point of injection (see Fig. 9). The fluid is flowing radially as there
is a pressure difference of P; — P, between the inner and outer radii r; and r» respectively.

T2

& Y///////////////////////// 2= +b

// o L

/////////////////////////////////////

Figure 9: Radial flow between two plates.

a) Simplify the continuity equation to demonstrate that r v, is a function of z only. [5 marks]
Solution:
Assume the oil is incompressible:

0
0
% =—V-pv
V-v=0
In cylindrical coordinates:
10 10vy 0OV,
VoVE o T e oz

If the flow is laminar and well-developed by the time it reaches ry, then we can state that
Vs =0 and v, = 0. This gives

0

rv,)=0
8,, ( f)
Which implies that r v, is a constant of r (i.e., independent of r). Note that this implies
that the velocity is proportional to the inverse of the radius (i.e., v, oc r=")! There is no
reason to believe the system will not also be rotationally symmetric in 6, therefore r v, must
only be a function of z.
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b) Demonstrate that the stress profile within the channel is a solution of the following equa-

tion: [10 marks]
W, (p%Ve 20V 2y 0PV Op
ar M or

v LA
pyr or2 " r or re = 9z2

Note You must be careful during your derivation and make sure you expand each term of
T before cancellation.

Solution:
Take the Cauchy momentum equation:
ov
pﬁ=—pV-VV—V-T—V,O+pg

Assume steady state:
pv-Vv=-V.-7—-Vp+pg
Taking the r-component

0
[pv-VV],=—[V 7], VPl +pg

Where the gravity term is dropped as the plates are horizontal. Inserting the relevant
definition for cylindrical flow for the left hand side:

0
0
v wov g

00v,
lov-VVl=p | Vigr+ = 5g ~ Tt 52
AT
For the stress term, we have:
10 1079 1 0 Trz
Vorde=2or U g — 7

We know that vy = 0 and v, = 0 as the flow is assumed to be well developed. From symmetry
we also know that the derivative in the 6 direction is also zero. We also know that V-v =0
from the continuity equation. Expanding each term of the stress:

ov, 0
T = —2ua—rr + B v

0
o [ v 10
0= T (T)*?bg v

0
Toe = —2/L (18% +&> +uBWO

r o6 r
(av, a%"’)
Trz=—p | = +

0z or

Inserting these definitions back in, we have
20 ([ 0v, 2v, 0%v,
. = — —_ ] - — + ——
Vel == (r@r ( 0r) re "oz
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Placing these back in the stress equation, we have:

WOV, (B0 (0w _2ve (Vi 0p
PVrar =H \Toar " or r2 = 9z2 or

Performing the product rule:

ov, (262v, 20v, 2y, 82v,)_6p

v,
pr or

or TH\"err Tror T e T o2

End of question solution

The next part is just for revision to show the link to the next section.
We note that:

010 Pv, 20v, 2v,
———r Vr = + ——— —
orror ar2  r or r
As r v, is only a function of z, then this equation is zero giving:

ov, 0%v, Op

V,— =
P ar =M oz2 ~ or
As we know that r v, = f(Z), we make the replacement v, = f(z)/r.

fofr' 18 ap

r or =”r822 or

The left hand side simplifies:

Which gives:

This equation is difficult to solve, in fact, there is no solution unless we neglect the non-linear
term. This is one instance of the creeping flow assumption.

op 02f
r—— = j—s
or 0z?
At this point we assume the pressure is only a function of r, and then as both sides are
independent of each other they must be constants. Integrating with respect to r:

N
In(r2/r+) ~ Moz

Now integrating twice with respect to z:

f__—2uln(r2/r1) (Z +C1Z+Cg)
vr= 2pIn(r2/ry) (Z +C1Z+Cz)
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c) Using the creeping flow assumption, the following expression for the velocity profile was

derived [5 marks]:
4, AP
r
2pin(r2/r)

Determine the integration constants C; and C,, and give the final expression for the
velocity profile:

V= —

(22+ C1 Z+ Cg)

Solution:
As v, =0 at z = +b, we have C; = 0 and C> = —b?. The final expression is
AP
1B e 2
v 2 pin(rz/ry) (" =7)
[Question total: 20 marks]
Question 23

A wire-coating die consists of a cylindrical wire of radius, x R, moving horizontally at a con-
stant velocity, vyire, along the axis of a cylindrical die of radius, R. You may assume the
pressure is constant within the die (it is not pressure driven flow) but the flow is driven by the
motion of the wire (it is “axial annular Couette flow”). Neglect end effects and assume an
isothermal system.

g |R 'Ea Rcoat.

I K R _L Vwire A1
L =

Figure 10: A diagram of a wire coating die for Q. 23.

a) State the two relevant boundary conditions for the flow within the die and how they arise.

[2 marks]
Solution:
Both conditions arise from non-slip conditions of the fluid with a solid boundary.y

* Vz(r=R) =0: At the die wall interface.
* V,(r =k R) = Vyjre: At the wire interface.

v
i

b) The stress profile for an annular system is of the following form

1o, _ op,
ror = T tP9s

Derive the following expression for the flow profile

y _Vwire|n<L)
‘7 Ink R/
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Solution:

[9 marks]

There is no driving pressure gradient, and as the flow is horizontal, the two terms on the

right hand side are zero

v
2

10

ror

0

Performing the integration of the stress profile,

v
i

Trz =

Assuming the fluid is Newtonian, we have

v
1

Performing the integration

v
i

Inserting the two boundary conditions yields the following

v
i

V,=—p ' Cylnr+ Co.

0= —/f1 C1 InR + Cg.
Vire = —/f1 Cilnk R+ Co.

oV,

—H or

Solving both equations for the constants,

v
2

Ci

G

r

Co=yu"CiInR

Vaire = 11 C1(INR — Ink R)

C =

_,U Vwire
Ink °

Inserting these back in gives the final expression

N
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C)

Derive the following expression for the volumetric flow-rate of liquid through the die

: 1 — K2
Vz=—7TR2VW,'re (KJ2+ 2Inn > .

[5 marks]
Note: You will need the integration identity

2
/x In(x) dx = XE (In(x) — %) .
Solution:

To determine the volumetric flow rate, the following integration is performed

. R
V,=2m / rv,dr
kR

v
i

Performing the integration

R
v Vwire L L
V;=2n R /HRRm(R>dr

2 . 1
_ 27 R Viie V'””e/ x In(x)dx

Ink

- [ (ng)|.

2T RV (RF (1) 1
= Inr o \""T o )Ty

1 — K2

v
4

Derive an expression for the outer radius of the coating, R, far away from the die exit.
[4 marks]

Solution:

Solving the stress balance again but for the film coating the wire, the following expression

is found again for the stress

G

Trz = —

At the exposed surface of the film (r # 0), the stress is zero (assuming the air exerts close
to zero drag). This implies that Cy = 0 as well, as it is the only possible way to set the RHS
to zero at finite values of r. As the stress is zero, Newton’s law of viscosity then implies the
film has a constant velocity which will be the velocity of the wire (note, the diagram gives
the student a strong hint that this is true).y

The volumetric flowrate of the wire coating is related to the outer radius of the coating,
Rcoat.

¥ 2 2 2
Vz,coating = Vwire T (Rcoat_ - k"R )
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[1/4] { This must be equal to the volumetric flowrate of coating through the die
2 2 2 2 o 1-#?
VW,'re7T (Rcoaﬁng — K R ) = —7 R VW/'re K™+ 2 |n <
K2 —1
Rcoating =R 2Nk

[1/4] y
[Question total: 20 marks]

Q.24 Question 24
A solid wire is being used to carry electrical current (see Fig. 11).

Figure 11: A representation of a solid wire (right) used as a high-power transmission line
(left).

a) You may assume that heat is generated constantly within the volume of the wire at the
following rate,

I2

current _
Uenergy - k.
e

Simplify the differential energy balance equation for this system to the following form,

10 (rg) = I
ror\ 9= Ke
Ensure you clearly state any assumptions you make. [6 marks]
Solution:
Taking the general energy balance equation:
oT I?

pCpW=—pva-VT—V-q—T:Vv—pV-v+k—e

We note that wires are usually made out of solid material (aluminium), so we can choose
our reference frame to be at the velocity of the wire so that v = 0, and cancel all terms with
the velocity in them:

oT I?
Pcpﬁ=—V'Q+k—e
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c)

¢ Assuming the system is at steady state (no severe weather changes or sudden surges in
electricity demand), we have

/2
Vq:k_
e

{ As our wire is a cylinder, we should use cylindrical coordinates. Our expression becomes

10 10qy 04, I?

V-q=75(rq,)+

J— + = —
r 0 0z ke
{ To simplify this problem, we assume that the wire is cooled evenly by the wind so that

there is no variance in external temperature with the angle 6 or position on the wire z. This
makes the problem symmetric in z and 6.

Whenever there is symmetry, there is no transport. Our problem is rotationally symmetric
in § and has translational invariance/symmetry in Z so gy = q, = 0 and we have

12 (r ) = E

ror )= Ke
v
1
Derive the following expression for the heat flux within the wire, [4 marks]

I2
=2k

Solution:

Integrating the result of the previous question, we have

/2I'2 )
I’q,=k—§+C1
e

_PR(r CR
=% \2rT 7

¢ where the integration constant (C}) was redefined (to Cy) to bring it inside the parenthesis
and the terms were made dimensionless. This is not required; however, it usually makes the
values of the integration constants simpler and removes the dimensions of the constants.

At the centre of the wire (where r = 0) the heat flux cannot reach infinity so we must have
C = 0.Y We could also note that at r = 0 we are on an axis of symmetry and so g, = 0, also
requiring C = 0. Our final expression for the heat flux is then:

/2
U= ok
y
Demonstrate that the temperature profile has the following form, [5 marks]

P R? r?
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where T, arises from an assumption on the temperature at the surface of the wire.
Solution:
Inserting the correct cylindrical definition of Fourier’s law into the result of the previous
question we have,

oT 2

or ~  2k.k

r.

{ Assuming k is constant (like all real material parameters it depends on the temperature),
we can integrate this expression to gives us the temperature profile.
/2

_ 2 /
T= 4kekr + G,

I2 R2 I’2
- (- =
4 ke k R?
¢ where again the integration constant was redefined and the terms in parenthesis were made

dimensionless. We will assume the simple boundary condition that the exterior of the wire
is held at a fixed temperature, i.e., T(r = R) = Ty, to solve for the constant,

4 ko k

Co=1+ g

To

{ which yields the final expression.

2 N2 2
T_T,- R (1—r—).

4 ko k R?
v
1
d) Discuss if the assumptions you have made are realistic. [3 marks]
Solution:
The assumption that the surface of the wire is held at a constant temperature is unrealistic.
The assumption of steady state is also unlikely as these systems are subject to periodic
increases in demand, and the weather causes significant fluctuations. The test of this is if
the unsteady response of the wire is slow relative to these fluctuations in power and weather.
e) How might the surface boundary condition be improved? [2 marks]
Solution:
A better boundary condition would be to apply a natural convection coefficient at the surface
of the wire to link this problem to the bulk air temperature.
[Question total: 20 marks]
Question 25

An electric wire of radius 0.5 mm is made of copper (electrical conductivity k, = 5.1 x
107 ohm~" m~' and thermal conductivity k = 380 Wm~"K™"). It is insulated to an outer
radius of 1.5 mm with plastic (thermal conductivity k = 0.35 Wm~1K™"). The volumetric
heat production o, is given by o = I?/k, where [ is the current density A/m2. The ambient air
is at 38°C and the heat transfer coefficient from the outer insulated surface to the surrounding
airis 8.5 Wm—2K™",
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a) Determine the maximum current in amperes that can flow through the wire if no part of

the insulation may exceed 93°C. [8 marks]

Solution:

At steady state, all heat produced in the wire must leave. The total heat produced is:
PrR2 L

inner

ke

To solve for the maximum current density /, we need to examine the hottest location in
the insulation, which is at the inner surface of the insulation. The total resistance to heat
transfer from the air to this inner surface is:

Qtotal =0 Vwire =

Riotar = Reona + Reonv

_ In (Router/Rinner) + 1
h 27 Lk hconv 2n Houter L

Given that, at steady state, all heat which is generated in the wire must leave through the
insulation to the air, we have:

Q 7-ins. /copper — Too
total = R
total

Setting the two expressions for Qya to be equal, we have:

Tins./copper - Too _ /2 n Ri%ner L
In(Router / Rinner) + 1 - ke
2w Lk heonv 27 Router L
Tins. /copper — Too _ F? Riznner
In(Router / Rinner) + 1 - 2 ke
k heonv Router

/= R_1 2 ke (Tins./copper - TOO)
= "linner In(Router / Rinner) + 1
k heonv Router

Placing in the values, we can determine the maximum current density to be:

-0 00051\/2 x 5.1 x 107 (93 — 38)

In(0.0015/0.0005) 1
0.35 8.5x0.0015

=1.659 x 10" Am2

The total maximum current is

| R?

inner

=1.659 x 107 7 0.0005% = 13.03A

Demonstrate that the heat flux in the copper section of the wire is given by the following
expression:

12
ar = 2_ker
[8 marks]
Solution:
Taking our general balance equation, we have
oT I?
pCo—mr=—pCov-VT-V.-q—7:VV—-pV -V+—
ot Ke

6th December 2023 Page 42 of 157



Heat, Mass, and Momentum Transfer M. Bannerman

The wires are made out of solid material, so we can state that v = 0, and cancel all terms
with the velocity in them:

oT 2
PCpW=_V'q+k—e

Assuming the system is at steady state, we have

/2
V.-q-= k
Using cylindrical coordinates our expression becomes
10 10q9 0q, P
Voas= e N9 a0 oz Tk

Our problem is rotationally symmetric in 6 and has translational invariance/symmetry in z
S0 Qg = q; = 0 and we have

In the centre of the wire where r = 0, the heat flux cannot reach infinity so we must have
C = 0. Alternatively, at r = 0 we are on an axis of symmetry and so g, = 0, also requiring
C = 0. Our final expression for the heat flux is then:

12
=5k
c) Solve for the temperature profile within the copper wire, assuming the outer surface of
the wire is at T,.. [4 marks]
Solution:

Selecting the correct definition of Fourier’s law, we have

oT P

o~ 2k.k

r

Assuming K is constant, we can integrate this expression to gives us the temperature profile.

/2

T=4&k

(c-)

The exterior of the wire (r = R) is at the temperature T = T, allowing us to solve for the

constant C to give:
12 R2 r2
T — Tenr. = Tk k (1 - ﬁ)

[Question total: 20 marks]
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Q.26 Question 26
Again consider that we have a cylindrical wire of length L and radius R, generating heat at a
rate of /2 /k, per unit volume. Using a simple (not differential!) energy balance over the whole
volume of the wire, what is the total heat generated Q? Compare this to the expression for
the heat flux q(r) evaluated at the surface of the wire (r = R) which you derived in Q. 24.
Solution:
At steady state, the total heat flux Q out of the wire must be given by the total heat generated.
Assuming heat production is homogeneous (/ and kg are constant) within the wire, we can just
multiply the volumetric energy production rate (/2/ke) by the volume of the wire:

Q=nR?LK;'P (12)

If we divide this by the surface area (27 R L), we obtain the flux at the surface of the wire (this
is because all of the heat generated in the wire must leave by convection from the surface):

R?
Qboundary = W (1 3)
e

On comparing with the previous solution(s), it is noted that this could be obtained by setting
r = R in the solution derived previously,
/2

q(r) = r. (14)
Both approaches give consistent results (as expected).

Only relevant once you’ve studied non-Newtonian flows:

Here, we see the analogy between electrically heated wires and fluid flow in a pipe continues.
Here, the boundary flux of heat is of importance, but in Bingham plastic flows we need to
estimate the boundary momentum flux (i.e. stress) to understand if the flow is above or below
its yield stress. In both cases the expressions are nearly identical.

[Question end]

Q.27 Question 27
The following integrated expressions for heat transfer in a plate and a pipe are available:

K 27 Lk
Q, = —A (Tinner — Touter) Q = In (Router/Rinnef)

X
An equivalent equation is required for spherical geometries.

(Tin — Tout) (15)

a) What single assumption was made in the derivation energy balance equation (see Eq. (68))?

Solution:
In the derivation of this equation, the pressure dependency of the internal energy was as-
sumed to be small.

0

du = c,dT+ (2%} dp
T

b) Simplify the energy balance equation, Eq. (68), to the following expression:

9
Er g-=0
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Clearly state any assumptions you make along the way.

Solution:

As we’re considering the derivation of an expression for heat transfer in solids, we can say
v = 0. This greatly simplifies the energy balance equation:

oT 0 0 0
pCogr == pCoV V[T = ViG— G5V — POV + Tonorgy

(97-
p Co—+ ot = — Vi Qi + Oenergy

Note: We're using index notation here, which is fine even though this is a curvelinear
coordinate system provided we don’t actualy start to work with individual components.
We're essentially working in cartesian coordinates before changing over to cylindrical.

Which is known as the heat equation. Assuming that there is no source of heat, we can
cancel the generation term, gepergy™ O If the system is at steady state, the time-derivative
also cancels to yield:

Vigi=0

For spherical systems, we must look up the definition of this term (which is actually V - q)
which gives:

10 ,, 1 0 . 1 0 99y _

= (r ——(qpsSinf

rzar( q’)+rsm089(q9 )+ rsing d¢
If we assume the system is symmetric in § and ¢, we can cancel the gradients in those
directions to yield:

9 2
r2gr 1) =0
9 2
—r -
r =0
c) Solve for the following equation for the heat flux in spherical shells.
- o (Tier — Tou)
r — inner — 1 outer
( R lnr17er R ou1ter)
Solution:
Taking the above equation, we can perform the integration immediately to yield:
9 »
—r -
or" 0
r* q. = C
C
aqr = I’_21 (1 6)
We then need the definition of g, = k%:, again taken from the data sheet, we have
87' C1
TOUfEf ROU[EI'
—k/‘ dT = ‘/ C1
-k (Touter - inner) = C1 (R/nr17er R;Jter)
k
C1 1 1 (Tinner - Touter)
Rmner Router
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Reinserting this expression for C; into Eq. (16), we have

k
ql’ = r2 (R*1 Rf‘]

inner outer)

(Tinner - Touter)

d) Demonstrate that the resistance to heat transfer, for a spherical shell is given by the
following expression:
1 R, — R

R _ inner outer

TUA” A4k

Note: You will need to derive the expression for the overall heat flux, Q,, and then isolate
the R = 1(UA) term.

Solution:

The heat flux multiplied by the surface area is the overall heat flux. At any point in the
shell, the surface area is A, = 4 7 r2. We have

Qr = Ar qr
0
47 k

= 0 (Tinner - Touter)

FZ( (Ri;/jler - R<;u1ter)

47k

= =1  ~_1 (Tinner - Touter)

Rinr11er - Rther

Here, we can see the expected result that the overall heat flux is constant through the shell.

The terms which correspond to the resistance are:
Qr =UA ( Tinner - Touter)
1 R, — R

R _ _ Inner outer

TUAC 47k
[Question end]

Question 28

A spherical nuclear pellet, with an outer radius of 6 cm, is designed to produce 1kW of
heat through fission. The heat transfer from the pellet is limited by a 5 mm pyrolytic graphite
coating on the surface, which has a thermal conductivity of 240 W m~! K='. Underneath the
graphite is a 1 mm layer of Silicon Carbide reinforcement, which has a thermal conductivity
of 4 Wem~! K='. As the pellet is cooled by forced convection using a gas, the external
convective heat transfer coefficient is around 100 W m—2 K=, If the ambient temperature is
150°C, calculate the surface temperature at the interface between the core and the Silicon
Carbide.

Solution:

Here, we have to use the addition of resistances to calculate the internal temperature. There
is a resistance resulting from the Silicon Carbide (SiC) layer, from the Graphite (C) layer, and
from the convective heat transfer. The overall heat transfer is then given by:

1

Q. =
' Rsic + Rc + Reonv

(Tinner - TOO)
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Silicon Carbide

Figure 12: The nuclear pellet described in Q. 28.

where Rgjc is the resistance (not radius) of the Silicon Carbide layer and Rg is the resistance
of the Graphite layer, and Reony = 1/(h Aouter). We can rearrange this expression to make the
inner temperature the object

Tinner = Too + Qr (Rsic + Rc + Reony) (17)
The resistance for spheres is given in the datasheet to be:
R = Ri;:)er — Rt;u1ter
41k
For the Graphite layer, we have:
0.055"" — 0.06~"
Rc = ~ b. 104 W 'K
¢ 47240 0107 W
For the Silicon Carbide layer, we have
0.054~" — 0.055~"
Rsic = ~ 6.7 x 10°W 'K
Sic 4400 6.7 x107°W
Given that the surface area of a sphere is A(r) = 4 7 r?, the convective resistance is
1 1

Rconv = ~ 0221 W71K

Poory 47 R2 —~ 100 x 47 0.062

outer

Inserting these into Eq. (17), we have

Tinner =~ 150 + 1000 (6.7 x107°+5.0x 107+ 0.221)
Tinner = 370°C

Both layers only provide a small resistance to the heat transfer.

On a related topical note (not part of the course, but part of your embedded safety learning
objectives), please read about the Windscale fire, the worst nuclear accident in UK history
which occurred when the pyrolytic graphite caught fire in the reactor. This just illustrates the
difficulty of controlling heat transfer in complex geometries.
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[Question end]

Question 29

The temperature profile inside a nuclear fuel rod is needed as part of the design calculations
for a reactor. The rod is a cylinder with a radius, R, and is assumed to be composed of a
homogeneous fuel which is producing heat with the following profile:

a)

G hoat = 0° (1 +b (é)2> (18)

What assumption has been made to derive the energy balance equation below?
pCpW =—pCov-VT-V-q—T:VV—-DpV:V+Tenergy

[2 marks]
Solution:
In the derivation of this equation, the pressure dependency of the internal energy was as-
sumed to be small.

0

du=cdT+ (2% ap
T

Simplify the energy balance equation to the following expression:

12 (r )_
ror gr) = Oenergy

v
2

Clearly state any assumptions you use. [8 marks]
Solution:
Starting from the energy balance equation:

oT
pCpW = —pCp VjVj T — V,'q,' —7'j,'Vj V,'—,DV,' Vi + Oenergy

We assume that the system is at steady statey to cancel the time derivative.
Vigi=—=pCpViV;T = 7jiV;Vi = pV;Vi+ Ocnergy
{ As the nuclear fuel is a solidy we can assume V = 0Y to cancel most terms, yielding

Viqi= Oenergy

10 10gs 0q
ror "+ g * gz = T

{ Neglecting end effectsy , we can exploit the symmetry of the system to say that any heat
transfer in the Zz and 6 directions are zeroy . This implies that q, = 0 and gy = 0, giving the
final result

10
FE (f' qr) = Oenergy

v
i
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c) Derive the expression below for the heat flux from the simplified energy balance.

f3
0= (G+bye) (19)
Clearly state any assumptions you use. [5 marks]

Solution:
Starting with the result from the previous question, we have

10 ry\2

T —rq =o° (1+b<ﬁ> )
0 r
Erq,:«yo (r+b—)

2 4
rq,=o’ (r—+b ! +C)

4 R?
r C
e (i)
[3/5] ¥ We know that the heat flux, gy, at the centre of the rod (r = 0) must be finite (it is in fact

zero due to the symmetry). Therefore, we must have C = 0, which gives the final result
r3
a=* (5 +b55)

d) Derive the following expression for the temperature profile.

25 3

o (RP—r? R*-rt
T—T0=7( 2 +b16/—?2) (20)
You will need to select an appropriate boundary condition and give the meaning of the
constant Tj. [5 marks]
Solution:

Starting from the answer to the previous question

r3
gr= ( + bm)

We insert the definition of the heat flux into the equation to get:

or 4 R?
or _ o° (r b ri
or =k \2 4R
o® r ri
T_—T (2+b4R2>dr
a® [r? rt
T=-_~ ([
K (4 +b16R2> +C
[2/5] ¢ An appropriate boundary condition for this system is that the surface of the rod (r = R)
[1/5] is at a known temperature, T°.; Solving for the constant, we have
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k \ 4 16 R?
[2/5] ¢ Inserting this expression, we have the final result:
o (RP—r2 R*—r*
T_T‘J:?( 4 +b16R2)

[Question total: 20 marks]

Q.30 Question 30
To explore the effect of using a temperature-dependent thermal conductivity, consider heat
flowing through an annular (pipe) wall of inside radius Ry, and an outside radius R;. It is
assumed that thermal conductivity varies linearly with temperature from ky(T = Tg) to k(T =
T1) where Ty and T; are the inner and outer wall temperatures respectively.

Figure 13: A diagram of conduction through an annular(pipe) wall for Q. 30.

a) Derive the following energy balance equation

0
—rq,=0
ar ql’ 3
and state ALL assumptions required. [7 marks]
Solution:
[1/7] Assuming that the pressure dependency of the internal energy of the solid is smally’, Equa-

tion 68 can be used valid.

As this is heat transfer in solids, we can set the frame of reference to the wall and v = 0.
This greatly simplifies the energy balance equation:

oT 0 0 0
pCpW=—pC N = Viqi — 5NV T — PNV + Oenergy
oT

p CPE =— V, Qi + Oenergy

-

Assuming the wall does not generate heat:

oT
pCpE=_viqi+gene@'o
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nm o
And steady state:
0
062 Vi
Vigi=0
nm oy
Finally, inserting the cylindrical coordinate system definition of V; q;:
10 10qy 0q;
Vig= e Tt a0 * oz
[2/7] ¢ Assuming a symmetry of the system ALONG and AROUND the axis, the only remaining
derivative is in the r-direction:
10
Vigi=—=-(rar)
0
=—(r =0

[1/7] { As required.
b) Derive the following expression for the temperature profile
2r L k1 + ko
Q, =
Tin(a) 2

where L is the length of the pipe/annulus. [10 marks]
Note: You will need the following identity:

(T — To),

T2 — T2 = (Ty + To)(Ts — To).

Solution:
Performing the integration, we have

[1/10] { Inserting in Fourier’s law, we have
oT Gy
or r
We need to insert the temperature dependent thermal conductivity, which is given by the
following linear relationship

ki — ko
Ty — To

k=ko+(T—Tp)
[1/10] { Inserting this,
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—<m+w—ng“_%)aT~ﬁ

Ti—To) or r
{ Integrating between the two limits,

Ry ki — ko \ OT R e,
—/R (k0+(T_TO)T1_T0>Edr=/RO Tdr

0

;
! k1—k0> (R1>

— K T—-T d7T =CyIn | =
/To <0+( 0)T1—To 1 Ro

T2 — T2 ki — K R
[l =T+ (T - ) £ ) =i ()

¢ Using the identity T2 — T¢ = (T + To)(T1 — To),
T1 + To

mhmw—nm—m0=am(%)

0
o T+ T k) Toky ) = Gy in (B
2 Ro

¢ Simple cancellation and factorisation leads to the following
k1 + ko

2In (%’)

{ Inserting this back into the expression for the flux, we have

_G
Tor

Ky + K
= —— (T = To)

2rin (%‘1’)

{ The total flux is given by multiplying by the cylindrical area, 27 r L,

— (kQ(T1 — T0)+

(Ti -~ To)= Gy

r

T — T
Qr n <&> 2 ( 1 0)
Ry

v
1
Compare this expression to the standard expression for conduction in pipe walls (with
constant thermal conductivity), what can you observe? [3 marks]
Solution:
The expression for pipes is availabe from the tables in the datasheet, and is as follows

2n Lk

Q="""CAT.

In (ﬁ;)

v

;
On comparision with the derived equation, the only change is to replace the constant thermal

conductivity with the average of the thermal conductivity on the inner and outer surfaces.

v
i

For small temperature differences (where a linear temperature dependence may be assumed)
using the average thermal conductivity is a useful strategy.y

[Question total: 20 marks]

6th December 2023 Page 52 of 157



Q.31

Heat, Mass, and Momentum Transfer M. Bannerman

Question 31
Consider the flow of a Newtonian liquid between two plates, similar to Q.14, but now both
plates are maintained two different temperatures. We will attempt to take into account the

///////////////%/ /111

H

v
WY &

Y

T T
277/////////////0///////// /
L

Figure 14: Flow through parallel plates.

You may assume that the viscosity, u, of the liquid depends on temperature T according to
the following relationship:

Ho
M= AT =T

where Ty is a reference temperature, and o and 3 are empirical constants. The fluid flows
under the influence of a pressure gradient AP/L between two flat plates, as shown in Fig. 14.
The walls are at temperatures To and T;, where Ty is the reference temperature, and T; > Ty.

-,

a) Temporarily ignoring the motion of the fluid (v ~ 0), demonstrate that the temperature
can be taken to be a linear function of position:

T To+ (Th — To)%

Solution:

Assuming this is an incompressible liquid, we can ignore the pressure dependence of the
internal energy and use the energy balance equation. Using rectangular coordinates, we can
use the index notation form,

orT

There is no “generation” of energy, and the system is at steady state, thus the leftmost and
rightmost terms are zero,

0 =—pCijVjT—V,'C],'—Tj/Vj V,'—,DV,'V,'.
We are told to assume Vv = 0, thus all terms with the velocity should go to zero as well,

0=Viq
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Assuming the system is symmetric in the x and z directions, we can write,

09 _
ay
qy= C1.

0,

Substituting in Fourier’s law we have,

oy k’

T = —% y+ Cg.
Noting that T(y = H) = Ty and T(y = 0) = Ty, we can determine the constants to give the
following equation,

N Yy

T~ To+(T1 To)n
Additional notes (not assessed/marked):
We are told to assume that motion can be ignored (v = 0), but how did we come up with
this assumption? If the flow is well-developed, then v, = v, = 0. However, the term v;V; T
is completely zero if we assume the flow is symmetric in the X-direction (i.e. Vi T = 0).
Also, any terms with V;v, = 0 are zero using the same assumption, thus all terms with the
velocity go to zero if the flow profile does not change along the channel.

Derive the stress profile and prove that it is equal to the expression below. Compare this
stress profile to the stress profile for flow between two plates, and for film flow on a plate.
What is unique about the stress profile?

Tyx=ﬂ_/ <%+C1>

Solution:

See QQ. 14a-b for the solution, its the same as flow between two unheated plates!

The stress profile is independent of the viscous properties of the fluid. Regardless of if the
fluid is Newtonian or has varying viscosity, the steady state stress profile is identical for flow
between two stationary plates. Thus what is unique about the stress profile is that its the
same form in all three cases.

Additional notes, (not asseessed/marked): Direct force balance

This is an alternative approach to starting with the balance equations and is popular in many
text books. Its given here only to demonstrate that you can begin each derivation with a
direct force balance; however, it is difficult in curvelinear coordinates to correctly derive it
this way so it is recommended that you stick to derivations via the balance equations.
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We begin this problem by performing a momentum balance on a thin slab of fluid of thickness
dy; the bottom of the slab is located at y.

[7yx(y + dy) — Tyx(V)IL Z + [p(0) — p(L)]Z dy
7'yx(y + dy) - 7—yx(y) . A_,D
ady L

0

(21)

where Z is the width of the plates. Taking the limit that dy goes to zero, we find

o _ Ap

oy L (22)
Integrating gives
A /
ApH
- 224(10) 2

c) Assuming the temperature profile is indeed linear, derive the following velocity profile for
this system.

H? 2
wly) = P L AT - T e e CalT - T F el e

where C; is a dimensionless integration constant which you must determine.

Solution:

In this problem the viscosity depends on position, due to the fact that the temperature
depends on position, i.e. we have,

Ho
M(T)=m T(y) =~ To+(T1 — To)

I<

Combining these expressions gives viscosity as a function of position

Ho
1+8(Ty — To)y/H

wy) =

Using Newton’s law of viscosity into the stress equation from the previous question gives
the following,

OVx ApH<y +C1)

7'yx=,u(y)ay—_ L ﬁ

Expanding the definition of the viscosity, we have

Ovy _ApH[y (26)

by~ L G+ O[T+ AT - T

Integrating (and redefining the integration constant to bring it inside the brackets), we find

3 2
o= (Fa ) o e

_ApH 2

Vx(}/) = L/,L [C1y+éyH
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We know that vi(y = 0) = 0, therefore C, = 0. With vy(y = H) = 0. we find:
0 = LM B gy (B Y (28)
po L 2 3 2
1 1 C
0 = CovgralTi-Ta) (5+5) (29)
1+25(Ty — To)
C, = ——3 30
' T2eAh - T %0
With some rearrangement we find
Ap H? y Y yG
A H2 2
wy) = B Hﬂm - To)3yH2 (1+CalT - T g+
d) Determine the flow-rate to pressure drop relationship.
Solution:
The average velocity of the fluid between the plates vy is given by
_ 1 (7"
Vx = H_Z/O /0 Vx(y)dy dz
1 H
= F/O' VX( dy
1ApH? "y % y
= _HTE/O (ﬁ) {5(7_1 - To)w +(1+ G B(Ty — To)) o5t 01] dy
A H2 1 3 2
= P [ AT - T (14 Co BT Ta) T + Crn | d
L po Jo 3 2
Ap H? 4 e 72 1
= P BT - T+ (1 G AT - T L+ 6L
L Mo 12 6 0
A H?
= P [(142C)8(T — To) +2(1+3C1) (33)
L 12/14)
The flowrate is simply the average velocity times by the cross sectional area, i.e., Vy = HZ V.

area of the plate and compare it to the value on the top surface.
Solution:

Calculate the x-component of the force of the fluid on the bottom surface y = 0 per unit

The x-component of the force of the fluid on the bottom surface IS the stress on the plate.

Taking the previous expression:

- ()
We have
mly=0) = “PHC
and
sy =H = ZPH(+0)
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Unless the constant Cq has the value Cy = —%, it is clear that the magnitude of the stress on
each boundary is not equal. Please note, the sign of the stress is opposite on each boundary.

The constant Cy is only —1/2 if the temperature difference Ty — Ty is zero:

0
1+28(T
C1 - _ +3BM _ 1 (37)

24 B(T—T5) 2
[Question end]

Question 32

Perform dimensional analysis on a pendulum of length /; mass m, under gravity g to better
understand the period of oscillation, t. How does the pendulum period change with changes
in its mass?

Figure 15: A pendulum with mass m, length /, in gravity of g.

Solution:

We already know that the period of a pendulum doesn’t depend on the amplitude of the swing.
Its period will be a function of the string length /, gravitational acceleration g and the mass
m.

t="r(,m,g)

We know that physical systems are independent of units, (the period doesn’t change even
though we measure it in hours or seconds). We should then make the equation independent of
the units by making all terms dimensionless:

t ¢ I m gT?

7" (z’ W T)
where L is the unit of length, M is the unit of mass, and T is the unit of time. L, M, and T
aren’t units in the sense of kilograms or meters, but rather parts of the system we decide to
make the unit. For example, in a pipe of radius R, we often use the dimensionless position
variable r/R, where R has been chosen as the unit length.
We need to choose a length, mass, and time scale for the pendulum. The unit length of the
system can be the length of the pendulum L =/, and the unit mass can be it’s mass, M = m.
We can then get a unit of time from the gravitational constant:

T- Vg
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Inserting these into the expression above, we have

t f<lmg/

m= 7,5,5>=f(1,1,1)

The unknown function is now a constant! We now know that the period of a pendulum
doesn’t depend on its mass as its dimensionless form is equal to a function of constants (also a
constant).We could determine the unknown constant either through experimental observation
or through a more careful theoretical analysis. The actual result is

t
Viig

We can see that dimensional analysis has not only simplified the system, but almost solved it.
It is clear from dimensional analysis, the period of the oscillator is not affected by the mass
of the pendulum. In reality, the pendulum must have sufficient mass to make frictional losses
insignificant.

2T

[Question end]

Question 33

Consider laminar flow within a pipe. The only prior knowledge you should assume is that
the pressure drop must be a function of pipe diameter D, viscosity p, density p, and average
velocity (v;), i.e.,

Ap/l=1(D,p,p,(Vz))-

a) Perform dimensional analysis on the pressure drop per unit length, Ap//, and determine
the relevant dimensionless groups. [12 marks]
Solution:

The first step is to make the units of each term explicit by dividing out the dimensions of
each term

ApLsz_f D pl® ulLT (v,) T
I M LM’ M’ L ’
Students will recieve FIVEY marks for correctly identifying the units of each term in SI.
A convenient length scale is the diameter, L = D,{ which gives:
ApDsz_f 1 pD® uDT (v,) T
I M "M’ M D

v
1

A convenient mass scale is M = p D3 { which gives:

A_pLz_f 19 1T (vz) T
| pD "~ " pD? D

v
1

Finally, a convenient time scale is T = D/ (V;), which gives:{

%Lff(m,LJ)
/ p<Vz> p<VZ>D
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[1/12] Noticing that the dimensionless grouping on the right hand side is the Reynolds numbery
we have
A D
8P Z  _f(1,1,Re ")
I p(v)
= f (Re)
[1/12] y
b) Compare this to the exact solution, known as the Hagen-Poiseuille equation, as given
below.
. —-A R*
Vz=7T< Ip+pgz)@
Determine the form of the unknown function, f. [5 marks]
Solution: _
[1/5] Noting that (v,) = V,/A{and ignoring gravity{, we have
1/
[1/5] L
2T 8pu
[1/5] { Rearranging the equation to make it identical to the LHS of the solution to the previous
question, we have
Ap R g I
/ 1Y <Vz>2 P <VZ> R
A D
2P~ _ g M
I p(v) p(vz) D
32
" Re
[2/5] ¢ Thus the unknown function is f = —32 Re .

c) Comment on why dimensional analysis is so important. Also comment on why redundant
dimensionless groups arise (as an example, consider the relationship between friction
factor C; and the Reynolds number). [3 marks]
Solution:

Dimensionless groups are important, and arise so often, as units themselves are an entirely
artificial construct and natural phenomena must be independent of the choice of units. For
our models/equations to correctly reflect this, units must cancel within expressions and thus
[2/3] our equations must be able to be rearranged into a composition of dimensionless groups. §

Redundant dimensionless groups arise as dimensional analysis places no constraints on the
functional form of equations, just on the possible groupings of dimensional terms. Thus
dimensionless groups (such as the Reynolds number) may appear with arbitrary transform-
ations applied. One example is the friction factor, which is a dimensionless grouping, but
is simply a transformation of the Reynolds number dimensionless group, Cr = 16 Re™' (and

[1/3] vice-versa). ¥ .

[Question total: 20 marks]
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Question 34
Carry out a dimensional analysis on the forced convection heat transfer coefficient, h, to
determine which are the fundamental dimensionless numbers involved. You may assume
the following general dependence
h="f(d, u, k, (v), p, Cp)
where d is the channel diameter (m), u is the viscosity (Pa s), k is the thermal conductivity
(W m~1 K=", (v) is the mean flow velocity (m s~1), p is the mass density (kg m~2), and C,
is the specific heat capacity at constant pressure (kJ kg=' K=1). [10 marks]
Solution:
Making the expression dimensionless:
he T3 _f d uTlL kT30 T{(v) pL® C,T?0
M L' M’ ML’ L > M’ 2

Looking at each term, it is clear that it will simplify if we select L = d as the unit length,
M = p L3 as the unit mass, T = M/(uL) as the unit time, and © = M L/(T2 k) as the unit
Temperature. Inserting in the temperature unit © first, we have:

E=f d uTlL T(v) pL® C,M

k L' M L > M’ TLk

Inserting the time unit T next, we have
E—f g 1.1 M<V> pLs CPN
k - LJ ’ ) IuLz ) M ) k
Inserting the mass unit M next, we have
hL L
_=f C_1,1’1’p<v> ’1’Cpu
k L 14 k
Finally, inserting in the length unit L, we have:
M=f(1, 19,0 d C"“)
k i k
You should notice that the left hand side is the Nusselt number, while the two terms inside the
unknown function are the Reynolds number and the Prandtl number! We can then write:
h
Nu = Td = f (Re, Pr)
[Question total: 10 marks]

!1!

Question 35
Calculate the dimensionless heat transfer coefficient (Nu) for conductive heat transfer through
rectangular walls. Note: You will need to rephase the conductive resistance as a heat trans-
fer coefficient h.
Solution:

We have

hL

"k

But for conduction we have U = h = k/X. Choosing our characteristic length as L = X (this is
the lengthscale controlling conduction), we have

Nu

1

k
Nucong. = /7(% =1

[Question end]
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Q.36 Question 36
The heat loss from a pipe which is carrying a hot process fluid must be estimated to evaluate
if additional insulation is economically justified.

a) Starting from the general expression for steady-state conduction in cylindrical shells:

0
Er g-=0 (38)
Derive the following expression for the heat flux in a cylindrical wall:
k
ar (Tinner — Touter) (39)

- r |n (Router/Rinner)

[8 marks]
Solution:
Performing the integration, we have

rq,=C
_C
ar= r
Inserting in Fourier’s law, we have
orT C
Kk - =
aor r
or__¢
or kr

Touter C Router 1
/ dTl = — F / —dr
Tinner Rinner r

C R
Touter — Tinner = Tk [In r]geuer

Rinner
C R,
Touter - 7-inner = ? In R::f::
C= K (T. Tinner)
= | n ( Rinner / Router) outer inner
Inserting this back into the expression for the flux, we have
g = C
TTor
= K (T, Tinner)
= r ( Rinner / Router) outer inner
k

= Toner — T,
r (Router/ Rinner) ( nmer outer)

b) Derive the following expression for the heat transfer resistance for conduction in a cyl-
indrical wall.

In (Router/ Rinner)
2n Lk

R = (40)
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[3 marks]
Solution:
Note: The curved surface of a cylinder has an area of 27 r L.

The surface area for the flux at any radius r is the curved surface area of a cylinder with
radius r. The total heat flux is then

Q =2nrLqg,
2w Lk
= Tinner — T,
In ( Router / Rinner) ( inner outer)
If we have Q= UAAT = R~'AT, we can isolate the terms to give the resistance as
R = In (Router/Rinner)

2w Lk

The pipe carrying the process fluid has an inner diameter of 15 cm and a length of
50 m. The process fluid, flowing at 1 kg s~', has a density of 800 kg m~3, a viscosity
of 2 x 1073 Pa s, a heat capacity of 1.2 kJ kg=! K~', and a thermal conductivity of
0.15Wm~" K.

i) Is the flow inside the pipe turbulent? [2 marks]
Solution:
We must calculate the Reynolds number Re. The volumetric flow rate is

V=M/p=1/800=0.00125 m® s~
The average flow velocity is then
(v) = V/A=0.00125/(70.075%) ~ 0.0707 m s~

The Reynolds number is

p (v) D 800 x 0.0707 x 0.15
wo 2x10°3

Re = ~ 4242

The flow is turbulent.
i) Demonstrate that the forced convection heat transfer coefficient on the inside of the

pipe is approximately h ~ 57 W m=2 K1, [2 marks]
Solution:
The appropriate expression from the data sheet is
Num (Ct/2)Re Pr ( Ho ) 014
Hw

1.07 + 12.7(Cy/2)1/2 (Pr2/3 - 1)

Here, we cannot use the viscosity correction as the data is unavailable, so we assume
p = pw. Calculating the friction factor, we have

C; = 0.079Re /% = 0.00979

The Prandtl number is

_uCp_2><10_3><1.2><103_16
Tk 0.15 B

Pr
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Substituting in, we have

- (0.00979/2) x 4242 x 16 Lb 044
~ 57

Nu

The heat transfer coefficient is obtained from the Nusselt number

_NUkN57XO15N B, S

iii) The pipe has a carbon-steel wall which is 1 cm thick and has a thermal conductivity of
43 W m~! K='. The pipe is also insulated using a 1 cm layer of rock wool, which has
a thermal conductivity of 0.045 W m~! K='. The external heat transfer coefficient,
which includes radiation and natural convection, is estimated to be 5 W m=—2 K-1,
Determine the overall heat flux through the pipe if the process fluid is at 80°C and the
surroundings are at 10°C. [5 marks]
Solution:
The internal area of the pipe is:

Ainner =T DL =T (0.15)50 ~ 23-6 m2

The internal resistance to heat transfer is

1 1
hinner Ainner - 57 x 23.6

=0.000743 K W~' (0.0372 K W' m)

Rinner =

The value in parenthesis is per-metre of pipe. The external area of the pipe is:
Aouter =7 DL =7(0.15 + 0.02 + 0.02)50 = 29.8 m?

The external resistance to heat transfer is

1 1

= = =0.00671 K W' (0.336 K W™
Rouer houter Aouter 5 x 29.8 0.006 (0.336 m)

which is more significant than the internal resistance.

The resistance to heat transfer by the wall is

|n (Router/ Rinner)
27 Lk
_In(0.17/0.15)

2750 x 43
=927 x 10 KW' (463 x 104 K W' m)

R wall =

which is negligble compared to the external heat transfer resistance.
The insulation resistance is

P> B In (Router/Rinner)
insulation = 21 Lk

_In(0.19/0.17)
~ 2750 x 0.045
=0.00787 K W' (0.393 K W' m)
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which is comparable to the external heat transfer coefficient.
The total resistance is

Riotar = Rinner + Router + Rwan + Rinsutation
= 0.000743 + 0.00671 +9.27 x 107 + 0.00787 ~ 0.0153 K W' (0.767 KW m)

The total heat flux is

Q=R_ (Tiner — Touter) =0.015377(80 — 10) ~ 4.58 kW (91 Wm ™)

total

[Question total: 20 marks]

Q.37 Question 37

a) Chilled water flowing through brass tubes of 0.0126 m inside diameter and 0.0018 m
thickness cools a stream of air flowing outside of the tube. The film coefficients for the
air and water flows are 176 Wm—2K~" and 5660 Wm2K~' respectively and thermal
conductivity of the brass is 102 Wm~"K™' (see Fig. 16).

TwoN T,

T;

Figure 16: The temperature profile through the pipe wall.

i) Calculate overall heat transfer resistance Ry = (UA);,]a,. [6 marks]
Solution:
The total resistance is given by the sum of the conductive resistance and the two film
resistances:

Riotat = Reona. + Ri + Ro

The conductive resistance is given by

R _ In (Router/Rinner)
cond. = 27T Lk
In(0.0162/0.0126) 3.921 x 104 1
- 27 L102 - L KW m
We also have
1 1 4.463 x 103

Ri = = ~ K —1 —1

h A~ 5660 x 7 x 0.0126 L L Wi
R, 1 1 N 0.11‘|6va71 -

“h,A, 176 x 7 x0.0162L L
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The total is
3.921 x 1074 +0.1116 + 4.463 x 103 _ 0.1165

_ -1
Riota = [ [ KW™' m
i) State what is the limiting heat resistance (i.e., what is the controlling heat transfer
mechanism). [2 marks]
Solution:

The convection on the outer surface of the pipe is the dominant heat transfer mechanism
as it has the highest heat transfer resistance by several orders of magnitude.

iii) Calculate heat transferred per metre length of tube at the point where the bulk tem-
peratures of the air and water streams are 326°C and 15°C respectively. [2 marks]
Solution:

This is given by

Q AT 326-15

_— = i i _1
L =RL- 01ie5 —26/0Wm

b) The heat transfer coefficient for air flowing over a sphere is to be determined by observing
the temperature-time history of a sphere fabricated from pure copper. The diameter of
sphere is 17 mm. The sphere is at 86°C before it is inserted into an airstream having a
temperature of 22°C. A thermocouple on the outer surface of the sphere indicates 62°C
at 116 seconds after the sphere is inserted into the airstream.

Note: The properties of copper at 347K are p = 8933 kg m~3, C, = 389 J kg K™, and
k=398 Wm K™

i) Calculate the heat transfer coefficient by assuming that the lumped capacitance

method is valid. [7 marks]
Solution:
Using the equation in the datasheet:

E_T—Too_ex —hASt

0, T -T. TP,V

T =62°C, T; = 86°C, T, = 22°C, As = 7 D? = 9.079 x 107* m?, V; = 47R%/3 =
7D%/6 =2.572 x 1078 m3, t = 116 s. Substituting in the properties of copper, we have

62-22 [ . . 9.079 x 10~
86 _22 P 8933 x 2.572 x 106 x 389
9.079 x 10~
0.625 = exp [_h 1165883 < 2.572 x 105 x 389]

0.625 = exp[-0.01178 ]

_ In(0.625) _ o q
i) Show that the Biot number supports the application of the lumped capacitance method.
[3 marks]
Solution:
The Biot number is defined as
. hLg
Bi= p
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For a sphere, the characteristic length is Lo = Vs/As = i7D®/7D? = D/6. Calculating

its value we have:

Bi

hD 39.9 x 0.017

6 x 389

=2.906 x 10°*

As this value is Bi < 0.1, the lumped capacitance assumption is reasonable.

Question 38

[Question total: 20 marks]

An electric heater of 0.032 m diameter and 0.85 min length is used to heat a room. Calculate
the electrical input (i.e. the sum of heat transferred by convection and radiation) to the heater
when the bulk of the air in the room is at 24°C, the walls are at 12°C, and the surface of the
heater is at 532°C. For convective heat transfer from the heater, assume the heater is a
horizontal cylinder and the Nusselt number is given by

Nu = 0.38(Gr)%%

where all properties are evaluated at the film temperature. You may assume air is an ideal
gas, giving 3 = T-'. Take the emissivity of the heater surface as ¢ = 0.62 and assume
that the surroundings are black. All other properties should be calculated using the table

provided (see Table 1). [10 marks]
(TK) [ pkgm1s) [ K(Wm KT | p(kgm™) |
550 | 2.849 x 10> | 4.357 x 1072 0.6418
600 | 3.017 x 10> | 4.661 x 1072 0.5883
700 | 3.332 x 10° | 5.236 x 1072 0.5043
800 | 3.624 x 10~° | 5.774 x 102 0.4412
900 | 3.897 x 10° | 6.276 x 102 | 0.3922

Table 1: Physical properties of air at 1 atm for Q.38.

Solution:

Calculating the film temeprature, we have

T; 5

 532+24

=278°C =551 K

From the tables at 551 K, v = 4.48x107° m? s~! and k = 0.04375 W m~' K~'. The expansion
coefficient is 8 = 551~". Combining these we have:

G 9-81(532

24) 0.032°

551 (4.48 x 10-5)2

Calculating the Nusselt number, we have

Nu = 0.38(147700)"/* ~ 7.45

Calculating the convective coefficient we have

h
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L

_kNu 0.04375 x 7.45
a a 0.032

~ 147700

~10.19Wm 2K

Page 66 of 157



Q.39

[2/3]
[1/3]

[4/12]
[1/12]

Heat, Mass, and Momentum Transfer M. Bannerman

Heat transfer via convection:

Quony = NAAT =10.19 x 7 x 0.032 x 0.85 (532 — 24) ~ 442W

Heat transfer by radiation

Orad. = O'EA (TVI4/ — To40)
= 5.67 x 1078 x 0.62 x 7 x 0.032 x 0.85 (805* — 285*)
~ 1242

Total energy input is

Qootal = Qrag. + Qeony = 1242 + 442 = 1684 W

[Question total: 10 marks]

Question 39

A pebble-bed nuclear reactor at 69 bara is used to heat helium (4 g mol™') as part of the
generation of electricity. The helium gas has a heat capacity at constant pressure of C, =
5190 J kg~' K™, a dynamic viscosity of 1 = 5.19 x 10~ Pa s, and a thermal conductivity
of k = 0.405 W m~' K~' and flows at 15 m s~'. The pebbles have an outer radius of 3 cm
which consists of a 0.5 cm coating of graphite around the radioactive core.

a)

Assuming helium may be treated as an ideal gas, demonstrate that the density of the gas
is 2.83 kg m~3. [3 marks]
Solution:
The density of helium from the ideal gas law is,
5
N P 69 x 10 =707 mol m™3

V™ RT 8314 x (900 + 273.15)
¢ which is 0.004 x 707 ~ 2.83 kg m 3.y

Calculate the surface temperature of the particle if it is emitting 850 W of heat and the
surrounding helium is at 900 °C. The following expression for forced convective heat-
transfer around a sphere is available,

Nup = 2+0.47Re{>Pr>%®  for 3 x 10~% < Pr < 10 and 10? < Rep < 5 x 10%.

Radiation is neglible as all pellets have the same surface temperature, and the character-
istic length used in the Reynolds and Nusselt number is the sphere diameter. [12 marks]

Solution:
The Prandt]l and Reynolds number are,

_519x 105 x5

Pr = 0.405 ~ 0.665
2.83 x 15 x 0.06
He="%51gx10s ~ 1%

¥ These are within the range of the expressiony. The Nusselt number is,

Nup = 2 + 0.47 x 49100"? x 0.665°3% ~ 91.9
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¢ The overall heat transfer coefficient is then,

_ Nupk _91.9 x 0.405

- 2 1r—1
) 0.06 ~620 Wm= K.

h

¢ Solving for the temperature difference,

Q 850

AT =2h= 470.032 x 620

~ 121 K.

¢ The outer shell temperature is then 900 + 121 ~ 1021 °C.Y
[Question total: 15 marks]

Question 40

A single-pass, counter-flow shell-and-tube heat exchanger is required to operate as an oil
cooler with 316 tubes of internal diameter 0.016 m, outer diameter 0.018 m, and length
5.6 m. The oil flows in the tube side entering at a mass flow rate of 32 kg s~' at a temper-
ature of 136°C. Cooling water in the shell side enters at a mass flow rate of 33 kg s~ at
a temperature of 10°C. The shell side heat transfer coefficient is 850 W m~—2 K—'; and the
specific heat capacity of water is 4.187 kd kg=' K='. The Nusselt number is approximately
related to the Reynolds and Prandtl numbers as follows

Nu = 0.025 Re®/* Pr?/° (41)

and the following property values apply: specific heat capacity of oil: 3.42 kJ kg=' K='; dens-
ity of oil: 900 kg m~3; dynamic viscosity of oil: 1.5 x 102 kg m~' s~'; thermal conductivity
of oil: 0.15 W m~" K='; thermal conductivity of the steel pipe wall: 54 W m~! K~'. Calculate:

a) The number of transfer units. [12 marks]
Solution:
Starting with the oil side, we have:

m 32

- _ o P
~ p Nuwbes Atiow,imer 900 x 316 x 7 x 0.0082 0.5596 m s

(v)

Calculating the oil side Reynolds number we have

p (v)d 900 x 0.5596 x 0.016

Re=" 15x10-2

~ 5372

The Prandtl number is

4Gy 1.5x107% x 3.42 x 10°
Tk 0.15

The tube-side Nusselt number is then

Pr =34.2

Nu = 0.025 Re¥/4 Pr?/5
= 0.025 x 5372%* x 34.22/% ~ 64.44

The heat transfer coeflicient is then

_ kNu_0.15 x 64.44
mer =L T 70016

~ 603.8W m 2K
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The total resistance is

(UA)E;;aI = Riotal
1 1 + |n (Router/Rinnef)

= +
h/‘nner Ainner houter Aouter 2Lk Ntubes

1 1 In (0.018/0.016)

~ 603.8 x5.6 x316 x 7 x 0.016 ' 850 x 5.6 x 316 x 7 x 0.018 ' 275.6 x 54 x 316

~1.862x107°+1.176 x 107°+1.962 x 10~’
~ 3.057 x 1075 ~ (32710 W/K) ™"
To calculate the NTU, first determine the minimum heat capacity rate. For the oil we have

Coil = MCp = 32 x 3.42 = 109.44 kW K~'. For the water we have Coj = 33 x 4.18 =
138.2 kW K~'. The NTU is then

UA 32710
NTU = = ~ 0.
b) The effectiveness of the heat exchanger. [3 marks]

Solution:
The effectiveness of the counter-current flow heat exchanger is given by the following ex-
pression from the data-sheet:

£ 1 —exp[-NTU(1 — C})]
11— Crexp[-NTU(1 — C))]

where C; = Cpin/Cmax = 109.44/138.2 = 0.7919 is the heat capacity ratio. Completing the
equation we have

11— exp[-0.2990(1 — 0.7919)]
= 1-0.7919exp[-0.2990(1 — 0.7919)]
~ 0.2358 ~ 23.58%

E

[Question total: 15 marks]

Question 41

Consider a pot of boiling water placed on a radiant (halogen) cooking hob. As the water
is boiling, the surface temperature of the pot will be approximately the boiling temperature.
The pot is exposed to the atmosphere and the air/surroundings are at 20°C.

a) Calculate the natural convective heat loss from the sides of the pot given that air has a
mean molar mass of My ~ 29 g mol~', a dynamic viscosity of 1 ~ 1.8 x 10~° Pas, a
thermal conductivity of ky; ~ 0.0257 Wm~' K—', and a Prandtl number of Pr ~ 0.713.

[11 marks]
Solution:
Assuming that the surface of the pot is a constant temperature of 100°C as the water is
boiling, the film temperature is (100 + 20)/2 = 60 °C = 333 K. The density is then

P 10° 3 3
p_MWFn’T_298.314><333_1047gm =1.047 kg m
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wd O]

v

i3cm

Figure 17: The boiling pot problem.

1l

'

A

30 cm

Using that Bigeargas = T, we can calculate the Grashof number:

Gr g/”B(Tw— T.) _ 9.81 x 1.047% x 333~ (100 — 20)

~ 7.974 x 10°
L3 ji2 (1.8 x 10-5)?

Calculating this for both length scales in this case we have
Gry =7.974 x 10° x 0.1° =7.974 x 10°  Grp =7.974 x 10° x 0.3° = 2.153 x 10°
Testing if the expression for vertical plates can be used, we have

(D/H) > 35Gry,'/*
0.3

o7 > 35 (7.974x10°) 7

3 > 0.6586

As this is true, we do not need the correction factor. The Prandtl number of air is 0.713,
thus the Rayleigh number is Ra = Gry Pr ~ 5.685 x 108. In this range of Ra, the Nusselt
number for vertical plates is given by

Npiate = 0.59 Ra'/* ~ 28.81

The heat transfer coeflicient is then:

_ kNu 0.0257 x 28.81

N 2 11
o~ 0.1 ~7.40 Wm “K

h

The total heat loss is then:

Q=hAAT
=hotDHAT
=7.40 x 3.141 x 0.3 x 0.1 x 80
=55.78 W
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b) Assume that the total heat loss from the pan is 100 W due to evaporation and radiant heat

loss to surroundings. Calculate the radiant temperature of the hob/heat-source required
to counteract the heat loss. You may assume the pan and heat-source are black-bodies

for this calculation.
The view factor between two coaxial discs is

Fioz=05 (S— (82— 4(r/r}?)*)

where S =1+ <1 + F.’f) /R?, and the reduced radii are R; = r;/L and R, =

the gap between the discs, and (r;, r;) are the radii of the two discs.
Solution:
Radiative heat transfer is given by the following expression:

Q=o0c¢ Fpot—>hob A,OOT (T;;rob o TSOT)

ri/L. Note L is
[6 marks]

For this system R; = B =0.15/0.03 = 5. The factor S in the view factor is:

S=1+(1+R?) /R
=1+ (1+5%) /8?
= 2.04

The view factor is then
FpOt—)hob = 05 (S _ (82 o 4(,}'/,,/)2)0.5)
=05 (2.04 — (2_042 _ 4)0.5>
=0.819

Solving for the heat source temperature, we have:

Q 1/4
Thob = ( + T;;Ot)

oeF, pot—sambient Apot

1/4
= < 100 + 3734)

5.6703 x 108 x 1 x 0.819 x 3.141 x 0.152
Thop = 472.5 K = 200 °C

c) What fraction of the heat radiated from the heater hits the pot?

Solution:

[3 marks]

As both the heater and the pot have the same surface area, the view factors are the same
(thanks to the reciprocity relationship). Therefore 81.9% of the radiattopm emitted hits the

pot!

[Question total: 20 marks]

Question 42
Consider an unshielded thermometer placed in a room (see Fig. 18). The walls of the house
are poorly insulated and the internal surfaces are at a temperature of 5°C. If the thermometer
reads 20°C and all surfaces have an emissivity of 0.9, what is the real temperature of the air?
You may assume a rough estimate of the natural convective coefficientas h~ 10 Wm—2 K=",
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Twall =5°C

Figure 18: An unshielded thermometer in a room with cold walls.

Solution:
At steady state, the heat gained/lost by convection must equal the heat lost/gained by convec-
tion.

Qconv. = —Qrad.
hAt (Ta,‘r — Tt) = —O'€tAt (T:/a” — Tt4)

We assume the radiation to/from the air is negligible compared to the radiation to/from the
wall.
Solving for the air temperature difference, we have

Tar — Tr=—oe (Toa — T¢) /B
=5.67 x 1078 x 0.9 x (293* — 278%) /10
~7.13°C

The air is actually 7.13°C warmer than the thermometer’s reading and is at 27.13°C.
[Question end]

Question 43

The James webb telescope uses a radiation shield to reduce the heat it recieves from the
sun, earth, and moon (see Fig. 19). By what factor will the radiation be approximately
reduced by? How realistic is this estimate (what approximations are there)? Is this an over
or under estimate of the reduction in radiation? [5 marks]
Solution:

Radiative heat transfer is reduced by infinitely thin shields as follows:

Qshieided 1
Qunshieldea 1+ N

{Here N =5, therefore 1/6th of the radation will reach the telescopey. This assumes that the
layers are not joined together (but in reality they are at their vertices) and that the shields
are infinite (they are not). The finite size of the shield will allow additional radiation to
escape to surroundings, and the finite thickness will add an additional conductive resistance.
My prediction is that these losses will probably exceed the conduction of heat through the

supports, leading the equation above to be an under-estimation of the heat loss. §
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'/A.iyfi\»nj«,/q' ‘

Figure 19: A mock-up of the James Webb telescope, displaying its five-layered sunshield.

[Question total: 5 marks]

Question 44

What are the reciprocity relationship and the summation rule with respect to radiative heat
transfer? How are these useful?

Solution:

The reciprocity relationship states that the view factors between two objects are related by
their area. For example:

Fi2Ar = Fai As
The summation rule states that the view factors from a single object must sum to unity:
F1_>2+F1_>3+F1_)4+...=1

These rules are useful as they allow a simpler way to calculate view factors in complex geomet-
ries. View factors are often the most complex part of radiation calculations.

[Question end]

Question 45

A 10 m pipe with a outer-radius of rype = 2.5 cm is to be insulated using a layer of insulation
with a thermal conductivity of kK = 0.18 W m~' K='. You may assume that the external
convective heat transfer coefficient of the insulation is constant at h =5 W m~2 K~! and that
these two mechanisms are the only significant heat transfer resistances.

a) Write down the heat transfer equation for this system showing how the overall heat trans-
fer rate Q depends on k, ryjpe, the outer radius of the pipe insulation r;,s , the pipe length L,
and the temperature difference AT between the pipe wall and the ambient air. [4 marks]
Note: The resistance to heat transfer in a cylindrical shell is:

In (I’ outer / Iy inner)
27 kL

R =
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Solution:
The external convection resistance to heat transfer is
1
R, =
conv. 2 Y rjnsl L h

Summing the resistances, we have

IN (Fins./ Toipe) 1 >

Q=AT/< oxkL  2nrmLh

b) Calculate the heat transfer rate for three thicknesses of insulation where the outer radius
of the insulation is rj,s. = 3.0 cm, 3.6 cm, and 4.2 cm). The surface temperature of the
pipe is 400°C and ambient conditions are at 10°C. [3 marks]
Solution:

Substituting in the known values, we have

In (rips /1y
O:Z?TLAT/( ('"Sl'(/ p'pe) +r-1 h)
Ins.

= 2710 x (400—10)/('”(””5'/0'025) 1 )

018  Ips x5
_ 24500/(IN (fins /0.025) /0.18 + 0.2/Iis)

3190 W for s = 3.0
=¢ 3231 W for rjps = 3.6

c) Explain why you observe a maximum in the heat transfer rate. [3 marks]
Solution:
There is a maximum in the heat transfer rate as, at first, the resistance to convection
decreases faster than the resistance to conduction increases. Eventually the conduction
resistance dominates.

Additional notes (not assessed/marked): The critical radius can be derived as follows:

@:27TLAT21/<|H (rins./fp,-pe) N 1 )

or or k lins. h

Using the chain rule

-2
31 In (rins./rpipe) + 1 _ In (rins./rpipe) + 1 2 In (rins./rpipe) + 1
8/’ k r,'nS. h B k rins, h 8[’ k rins. h

-2
k lins. h lins. K 12 h
Thus the derivative is

2
@=—2WLAT<'”(””S'/“”"9)+ 1 ) <—1 v )

or k lins. D lns. K r2. A

ns.
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This derivative is zero when

1 1
(I‘,’ns.k N r/%s h) =0

Rearranging for the critical insulation radius gives

k
fo=—

h
In this case the critical radius is r; = 0.18/5 = 0.036 m or 3.6 cm.

[Question total: 10 marks]

Question 46

The potential heat loss from a distillation column to the environment must be calculated
to determine if lagging (insulation) on the column is required. The proposed design of a
distillation column can be modelled to a rough approximation as a 12 m high cylinder with
a diameter of 0.7 m. Convection and radiation are assumed to be the limiting heat transfer
processes, so it can be assumed the column surface is at the internal operating temperature
of 60°C. The minimum ambient air temperature should be used for the calculations in order
to design for a worst-case scenario

Aberdeen ambient temperature range: —10°C to 20°C.

Emissivity of oxidised steel: ¢ ~ 0.657

TCC) [pkgm ) [ C, (kJkg K ) [k (Wm K ') [ v (x10 6m2s 1) | Pr
50 1.534 1.005 0.0204 9.55 0.725
0 1.293 1.005 0.0243 13.30 0.715
20 1.205 1.005 0.0257 15.11 0.713
40 1.127 1.005 0.0271 16.97 0.711
60 1.067 1.009 0.0285 18.90 0.709

Table 2: Properties of Air

a) Describe the physical interpretation of the Grashof number for natural convection. De-

scribe each of its terms and write down an equation for the temperature at which temperature-

dependent terms in Gr should be evaluated. [5 marks]
Solution:

The Grashof number is the analogue of the Reynolds number for natural convection and is
the ratio of bouyancy and viscous forces in the fluid. It is defined as

gr*B(Tw— Ty L®
Gr= P ’
1

where g is the gravitational acceleration,

p is the density of the fluid,

[ is the thermal expansion coefficient of the fluid,

T, is the wall temperature,

T is the fluid temperature a large distance from the wall (bulk),
L is a characterstic (and often vertical) length scale,

and g is the fluid viscosity.

The properties of the flow for the Grashof number should be evaluated at the so-called film
temperature,

Tr=(Tw+Tx)/2 = (60 — 10) /2 = 25°C ~ 298K
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b) Show that the thermal expansion coefficient, defined as

reduces to the following expression for an ideal gas

1
ﬁig. = 7—
Hint: Use the ideal gas equation! [2 marks]

Solution:
We know that V=NRT/P, so

_1ov

S VoT

_1ONRT/P

Vv ooT

_NROT

~ VPOT

_NA

VP

If we rearrange PV = NR T we have NR/(V P) =1/T, giving the final result:

10V

P=vor

1ONRT/P
Yo =y oT
_NROT
~ VPOT
1

T

c) Calculate the Grashof number and determine the convective flow regime. State any
assumptions you make. Remember to use the correct temperature for calculating the
properties of the flow! [5 marks]
Solution:

Looking at our table of properties of air, we could interpolate for the film temperature
T; = 25°C. However, considering the error in convective heat transfer coefficients it is safe
enough to take the nearest temperature (20°C).

p

The thermal expansion coefficient is given by
10V

’=vat
However air at the ambient temperature and pressure (10°C and 1 atm) behaves similarly
to an ideal gas, so we can use the approximation

1

p T
Using these values and noting that v = /p we have
9 (Tw—Tx) L3
Gl“ B Tf 1/2

_ 9.81x70x12°
298 x (15.11 x 10-6)?
=1.74 x 10"

6th December 2023 Page 76 of 157



Heat, Mass, and Momentum Transfer M. Bannerman

The critical Grashof number is around Gr ~ 4 x 108, thus the convective regime around the
column is turbulent.

Calculate the convective heat transfer coefficient for the column surface. Can you use
the expression for vertical plates directly? [9 marks]
Solution:

The expressions for vertical plates can only be used for cylinders if the boundary layer
thickness is small compared to the diameter of the cylinder. The general criterion is given
as

| O
IV

35

Gr‘|/4
07 3

12 = (1.74 x 1013)/*
0.058 > 0.017

N

v

The criterion is satisfied, so we can use the vertical plate expressions for the vertical cylinder.

The value of the Raleigh number is

Ra=CGrPr=1.73x 10" x 0.713
=1.233 x 10"

Using Table 5, we find that we can use the following expression for the Nusselt number
Nu = 0.13 (GrPr)'?

=0.13(1.233 x 10%3)"/°
~ 3000

The heat transfer coefficient is given by

k Nu
=TT
_0.0257 x 3000
B 12
=6.425 Wm 2 K
Calculate the total heat lost to the environment including radiation. Compare the two
losses. [5 marks]
Solution:

The total loss of energy is calculated by summing the convective and radiative heat losses.
Q=Ah(Ty—T,)+Aoce (T;; — Tfo)

The surface area of the cylinder (neglecting top and bottom faces) is
A=rDL=7x07x12~26.4 nm?

substituting all of the known values into the equation we have

Q=26.4 x 6.425 x 70 + 26.4 x 5.67 x 107° x 0.657 (333* — 263*)
= 11873 + 7388
=19.3 kW

The convective heat loss is 60% larger than the radiative heat loss.
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f)

Do you think this heat loss justifies adding insulation or lagging to the outside of the
column? [1 marks]
Solution:

The answer depends on the requirements of the design and a cost/benefit analysis! In
reality, the additional cost of lagging and the extra maintenance cost of removing it for
inspection outweighs the energy cost saved by its use. Columns often operate with a boiler
and condenser in the 0.1-1 MW range, so this heat loss is negligible.

The actual cost in lost heat is quite small. To an industrial plant, natural gas costs around
2p per kWh in 2010. Assuming there are 8000 plant operating hours in a year, the total
cost of this loss is

19 x 8000 x 2 = 304000 pence

The insulation alone may cost more than this.

Due to strict new environmental legislation, it is decided that the maximum acceptable
heat loss to the environment is 10 kW. Roughly calculate the maximum acceptable sur-
face temperature. [3 marks]
Solution:

We can assume our heat transfer coefficient remains the same. It only decreases for lower
temperatures, so reusing the value will give us a maximum value below the true value. This
is also true if we used the radiative heat transfer coefficient analogy in the previous question

Q=Ah(Ty,—T,)+Aoce (T;; — T:o)
inserting the values we have

10000 = 26.4 x 6.425(T,, — 263) + 26.4 x 5.67 x 1078 x 0.657 (Tf,; — 2634)
=169.62 (T, — 263) +9.835 x 107 (T,, — 263*)
59300 = 169.62 T,, + 9.835 x 10~" T
Using excel or Matlab we can solve this equation to find the maximum surface temperature
is T, = 302 K.

This is how to solve the above problem the old fashioned way (by hand)
We could also solve this by rearranging the above equation to give

T 59300 — 9.835 x 107 T4
W 169.62

This is an expression for a better estimate of T, given a current estimate of T,. We guess
the starting value of T, = 330K, insert it into the above equation and calculate a new value
then repeat until the new temperature value stops changing.

Comment on what steps would be required to improve the accuracy of the surface tem-
perature calculation in Q. g. [2 marks]
Solution:

The problem with the above estimate is that the heat transfer coefficient is calculated using
the incorrect film temperature T,. We need to iterate the above calculations!

Explicitly, to obtain a better estimate we need to

i) Take the current estimate for the maximum wall temperature T,.
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ii) Calculate the film temperature Tr = (T, + To.) /2.

)
iii) Calculate the heat transfer coefficient using this film temperature (as in Q. c—d).
iv) Estimate new maximum surface temperature (as in Q. g).

)

v) If the new estimate is very different to the current estimate, go back to step hi.

[Question total: 32 marks]

Question 47

Write down the expressions for the Prandtl number. Define every term and describe the
physical interpretation of the dimensionless numbers.

Solution:

The Prandtl number is defined as

_ kG

Pr P

where g is the fluid viscosity, Cp is the fluid heat capacity and k is the thermal conductivity.
The Prandt]l number is a ratio of the momentum to thermal transport in a fluid.

[Question end]

Question 48

The wall of a furnace comprises three layers as shown in Fig. 20. The first layer is refractory
brick (whose maximum allowable temperature is 1400°C) while the second layer is insulation
(whose maximum allowable temperature is 1093°C). The third layer is a plate of 6.35 mm
thickness of steel (ksieer = 45 W m~! K—1). Assume that the layers are thermally bonded.

*Q
Steel \
N

Insulation

Figure 20: Construction of a furnace wall.

| Layer | T=3878C | T=1093C |
Brick 3.12Wm 'K T [ 6.23Wm—TK™'
Insulation | 1.56 Wm-—TK™" | 3.12Wm-TK™’

Table 3: Thermal conductivities for Q. 48.

The temperature Ty on the inside of the refractory is 1370°C, while the temperature on
the outside of the steel plate is 37.8°C. the heat loss through the furnace wall is expected
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to be 15800 W m~2. Determine the thickness of refractory and insulation that results in
the minimum total thickness of the wall. You may use the temperature dependent thermal
conductivities given in Table 3. [14 marks]
Solution:

First, we can work out the temperature To:

13800 x 0.00635
- 45

_ g Xo_3

ksteel

T, +To +37.8 =40°C

The wall thickness is given by Xj_o + Xo_3. These are calculated using

k
Xij = a(Ti - T))

We're therefore searching for the minimum of

Xi—3 = q " (Korick (To — T1) + Kinsuiation (T1 — T2))
= q_1 (kbrick TO + (kinsulation - kbrick) T1 - kinsulation T2)

Clearly, T; should be as large as possible as Kipsuiation — Kbrick 18 negative. The maximum Ty can
be is 1093°C as specified by the insulation limits.
The value of thermal conductivity used for the insulation should span the full temperature

range from 40 — 1093°C. The most sensible choice given the available information is to use
the average Kinsuiation ~ (1.56 +3.12)/2 ~ 2.34 Wm 'K,

kinsulation _ 2-34 -
(T — TL) = m(mgs —40) ~ 0.156 m

Xiz =

The brick temperature is close enough that the single value 6.23 Wm~'K~" could be used
by the students but a better estimate would result from linear extrapolation to give Kprck &
7.05 Wm' K" at T = 1370°C. This can be averaged over the operating range to give Kprigk ~
(6.23 +7.05)/2 ~ 6.64 Wm " K~'. The brick thickness is then given by

Kbrick _ 6.64
q (To—Th) = 15800

The total wall thickness is then ~ 0.278 m.

Xo1 = (1370 — 1093) ~2 0.116 m

[Question total: 14 marks]

Question 49

In prilling towers, molten fertilizer slurry is dripped to form frozen spherical pellets called
prills. As a first approximation to understanding the heat transfer from the falling prills, con-
sider a heated sphere of radius, R, and fixed surface temperature, Tg, suspended in a large,
motionless body of fluid.

a) Set up the differential equation describing the temperature, T, in the surrounding fluid as
a function of r, the distance from the center of the sphere. The thermal conductivity, k, of
the fluid is considered constant. [14 marks]
Solution:

If we assume there is no pressure dependence of the internal energy of the fluidy we can use
the energy balance equation (see Eq.(68)):

oT
pcpﬁ =—pGCpV;iV; T =V;qi —7jiVjVi = pV;Vj + Oenergy
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[1/14]
[3/14]

[1/14]

[1/14]

[2/14]

[2/14]

[2/14]

[2/8]

[2/8]
[2/8]

[2/8]

{ Assuming the fluid is motionless (v = 0) steady state, and no heat generation, we havey
0 0
pCsr = —pCoW VT = ViG— GV =PI + Gy
Vigi=0
{ Using spherical coordinates we have

10, 19 1 0q,
EE(r q’)+rsin&%(qgsmehrsine%_

{ Assuming the system is rotationally symmetric we can state that nothing changes in the 6
or ¢ directions to cancel the derivatives OR note that there is no transport in these directions
to oi v
give:s
10

or () =0

¢ Inserting Fourier’s law and noting the thermal conductivity is constant we have

d ,,0T
——r*k—-=0
8rr or
0 ,0T
or" or =°
v
2
Integrate the differential equation and use these boundary conditions to determine the
integration constants: atr=R, T = Tg;and atr=o00, T = T.. [8 marks]
Solution:
Integrating the equation once, we have
9 20T _
or or
or _ &
or — r2

2/ Integrating again, we have
T = — + Cg

¢ Using the boundary conditions, we have at r = oo, T = T, which gives C, = T,.. Forr = R
and T = Tg we havey

TR=%+TOO
Ci=R(Tg—T.)

T=TOO+(TR—TOO)g

<
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c) From the temperature profile, obtain an expression for the heat flux at the surface. Equate
this result to the heat flux given by “Newton’s law of cooling” and show that a dimension-
less heat transfer coefficient (known as the Nusselt number) is given by,

Nu 2,
k
in which D is the sphere diameter. [12 marks]
Solution:
The heat flux is given by substituting the temperature profile into Fouriers law OR by
tracking the constants in the derivation above:y
oT
= ko
9 or
R
q=k(Ta—T.)

¢ At the surface we have

k

=—(Tp—T.
q R( R oo)
¥ Comparing this to Newton’s law of cooling
Q
=—=hAT
9= 4
k
=—(Tp—T.
R( R oo)
k
h=—
R
¥ Inserting this into the Nusselt number, we have
hD
Nu=—
Tk
kD
= — = 2
Rk
v
3
[Question total: 34 marks]
Question 50

A black-body car is left in direct sunlight at midday which (at the lattitude of the UK) can be
approximated as a constant heat flux gs,» = 1000 W m=2. The car’s surface temperature
reaches steady state with its surroundings and is approximately constant. The car has a
surface area of 26 m? but only 8 m? are exposed to sunlight.

a) Assuming that the ambient temperature is 15°C and that radiation is the only heat trans-
fer mechanism, calculate the surface temperature of the car. Is the estimate realistic?
[5 marks]
Solution:
At steady state, the flux of energy into the car from the sunlight is equal to the energy lost
through radiation:

Asun Qsun = Acar Qrag =0 Acar € (Tfar - T:o)
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We have ¢ = 1 as the car is black and ¢ = 5.6703 x 1078 W m—2 K~ from the data sheet.
Substituting in the knowns, we have

8 x 1000 = 26 x 5.6703 x 1078 (TZ, — 288.15*)
e _ 8000
% = 26 x 5.6703 x 108
Tear =333 K=60°C

+288.15%

This temperature is fairly realistic for cars in the UK on hot summer days.

Using the previous estimate for the surface temperature, estimate the heat flux due to
natural convection and comment on its magnitude. You may approximate the sides of
the car as a vertical wall 12 m wide and 1.5 m high. You may assume the following
properties of air at these conditions. State why natural convection from the top of the car

is insignificant when compared to the sides. [8 marks]
pkgm3) [KWmMmTKT") [ u(kgm's") [ Cp (d mol~" K) | Avg. Mol.
Weight
(g mol~T)
1.225 0.026 1.827 x 107° 29.19 29
Solution:

First we must calculate the Grashof number, but we need the thermal expansion coefficient.
We can quickly derive it from the ideal gas equation and the identity in the datasheet

5= 1(9V 18nF?T nRk l
VoT VT P PV T

Or simply remember that 8 = 1/T for an ideal gas. This must be evaluated at the film
temperature T = (Tyar+ Too)/2 = (60+15)/2 = 37.5 °C= 311 K. The L term in the Grashof
number is the plate height, as the height is the characteristic length for convection.

926 (Tw— T L
12
9.81 x 1.2252(60 — 15)1.5
T 311 x (1.827 x 10°5)2
~ 2.1537 x 10'°

Gr =

Converting Cp to kJ kg™" K=', we have C, = 29.19/29 = 1.007 kJ kg~' K~='. Calculating
the Prandtl number

pCp 1.827 x 107° x 1.007 x 103

Pr=—7= 0.026

~ 0.71

The Rayleigh number is then
Ra =PrGr=0.71 x 2.1537 x 10" = 1.529 x 10'°
Looking in the datasheet, this corresponds to the following expression for the Nusselt number

Nu=0.13(Ra)'® = 0.13 x (2.1537 x 10'%)"/% ~ 361.7
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This gives a heat transfer coefficient of

_ Nuk _361.7 x 0.026

N -2 71
i 15 ~6.27 Wm - K

h

The convective heat transfer is then
Qeonv. = hA (Tyar — Tso) =6.27 x 1.5 x 12(60 — 15) = 5079 W

The natural convective heat transfer is realtively large compared to the radiant heat transfer,
therefore this needs needs to be solved implicitly (i.e., via iterations to find the true surface
temperature).

This neglects convection from the horizontal surfaces as it is typically much smaller than
from vertical surfaces as circulating flow is more difficult to establish in that case.

c) Discuss how you might improve the accuracy of the calculations, and what the effect of
setting the car in motion will be. [2 marks]
Solution:

The accuracy may be improved by finding a better approximation for the car surface for
the convection calculations, specifying realistic emissivities for the car surface, and solving
for the radiation and convection fluxes simulateously.

If the car is set in motion, the natural convection will become a forced convection, greatly
increasing the heat transfer rate of this mode. It is likely that this will cause the car surface
to cool even further.

[Question total: 15 marks]
Question 51

The wall of a furnace was measured to be at a temperature of T, = 60 °C when the ambient

air temperature is at T, = 10 °C. The wall is 3 m high, 5 m wide, and has a surface emissivity
of ¢ = 0.7. The properties of air are given in the table below.

a)

uw| 1.78x10°Pas P 1.2kgm=2
k | 0.02685Wm~—"K-" || C, | 1.005 kd kg~ K~

Determine the convective flow regime of the air, noting that the critical Grashof number
is Gr ~ 4 x 108.

Solution:

Here we must calculate the Grashof number. The key characteristics are :

* The thermal compressibility (3 is given by § = 1/T for an ideal gas, which is a good
approximation for atmospheric air.

* The properties in the Grashof number should be evaluated at the film temperature

Tr=(Tw+ Ty) /2.

* The above rule only applies to the thermal compressibility in this question, as the other
properties are unavailable.

* For a vertical plate/wall, the characteristic length is the height of the wall.

Using this knowledge we can calculate the thermal compressibility to be

1 2 2

N T ST T. " 33315+283.15 ~ 00032

B
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We can now evaluate the Grashof number

9/ B(Tw —To) L

_ "

_9.81 x 1.22 x 0.0032 (60 — 10) 3
- (1.78 x 10-5)?

~ 1.93 x 10"

Gr

The convective flow is turbulent as Gr > 4 x 108.

Calculate the heat lost through the furnace wall. Remark on the relative magnitudes of
the two heat transfer mechanisms involved.

Solution:

For the convective heat transfer, we must calculate a convective heat transfer coefficient
using the relations given in the data sheet. The Prandtl number for the flow is

Cpp 1.005 x 108 x 1.78 x 107°
k 0.02685

Pr = ~ 0.666

The Rayleigh number of the flow is

Ra=CrPr=1.93x 10" x 0.666 ~ 1.29 x 10"

For this Rayleigh number, the relation to the Nusselt number given in the datasheet is

Nu=0.13Ra'=0.13 x (1.29 x 10'")"° ~ 657
The heat transfer coefficient is then given by

kN .02 7
Rconvective = Lu = 0.0 682 X 65 ~5.88W m 2K’

The heat flux due to convection is

Qconvecﬁve =A hconvecﬁve (Tw - Too)
=3 x5x588(60—10)~4410W

The heat lost through radiation is given by

Qradiation = Ao € (T;/ - cho)
=3 x5x5.67 x 107 x 0.7 (333* — 283*) ~ 3500 W

The heat loss from the furnace wall is mainly lost through convection, but both effects are
comparable.

END OF EG40JK QUESTIONS
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[Question end]

Question 52

A new type of one-coat spray paint is being developed which flows to precisely the minimum
thickness required for a uniform coat. To achieve this property, the paint must effectively be
a Bingham plastic.

a)

Balance the total gravitational force (p g,) against the viscous force on a vertical plate to
derive the following force balance for the stress at the wall surface:

Thoundary = Z P 9y

Solution:
The total force due to gravity on the film of liquid is

XYZpg,
The total stress on the surface of the plate is given by
X YTboundary

where X Y is the surface area of the vertical plate. If the system is at steady state, then
these forces are in balance and we have:

X YTboundary =XYZp 9y
Txy = Z p 0y

Assuming that the paint has a density of 900 kg m—2, what yield stress () is needed to
ensure the paint has a maximum static thickness of 2 mm?

Solution:

The stress is at a maximum at the wall, therefore we need a yield stress at the wall which
is exactly the stress caused by a 2 mm film of paint.

To = Tboundary = Y/Ogy
= 0.002 x 900 x 9.81

~ 17.66 N m 2 =~ 17.66 Pa

Remember to give the correct units! For comparison, here is a table of yeild stresses for real
pseudoplastic fluids:

| Fluid | 70 (Pa) |
Ketchup 15
Salad Dressing 30
Mayonnaise 100
Hair Gel 135

[Question end]
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Question 53

When manufacturing a plastic toy, a polypropylene melt with a density of 739 kg m=3 is to
be extruded through a pipe with a length of 1 m and a diameter of 2.5 cm into a die. A shear
rate of 1000 s~ is expected at the die lips and experiments at this shear rate have measured
an apparent viscosity of 10 N s m—2,

a) A Power-Law model with an exponent of n = 0.35 is thought to be a suitable model for
the viscous behaviour. Assuming this is true, determine the consistency coefficient k and
write down the rheological stress-strain equation for the fluid. [3 marks]
Solution:

We can equate Newton’s law and the Power-law model to find the following expression in
terms of the apparent viscosity jtapparent-

n—1 0VX
oy

OVy K OVy
Txy = —MHapparent (9}/ =— 8}/

Assuming that at a shear rate of 9v,/dy = 1000 s~', we have an apparent viscosity of
Lapparent = 10 N s m~2 and the flow index is n = 0.35, we have the following expression

6‘/ n—1
Happarent = k 8;
10 = k1000705
k ~ 891

The rheological equation for the fluid is then given by the Power-Law model with the
coefficients inserted in

—0.65

OVy OVy
xy = — 1
Txy 89 ‘ By dy
b) What is the type of this fluid and how will it respond to increasing rates of shear? Describe
this using the concept of the apparent viscosity. [2 marks]
Solution:

The equation above can be rewritten to give an expression for the apparent viscosity papparent
as a function of shear rate.

avx n—1

oy

Happarent = k

This fluid is shear thinning as n < 1, and the apparent viscosity will reduce as the shear
rate increases.

c) Sketch two graphs to illustrate the differences between the velocity profile of this fluid and
a Newtonian fluid, and between this fluid and a Bingham plastic fluid. [5 marks]
Solution:

Here, we're just going to steal the graph from the slides, but in this question you only need
to draw the shear thinning, Newtonian and Bingham plastic flow profiles.
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”Blunter” flow profile

Parabolic flow proﬁ\le »Sharper” profile \ Solid core to the flow

TN, <

%

_
LI

Newtonian  Shear Thickening Bingham Plastic
Shear Thinning

The key concepts to highlight are

- The drawings of the velocity profiles

- The parabolic flow profile of a Newtonian fluid

- The blunter flow profile of a shear thinning fluid
- The solid core of a Bingham fluid

Derive the following expression for the Reynolds number in Power-Law fluids.

8p(v)2_”F>’”< n >”

Rewn = K 3n+ 1

Hint: the Metzner-Reed Reynolds number is defined through the friction factor relation,

16
Cr = Rewn
The volumetric flow equation for a laminar power-law fluid is available in the datasheet
(see Eq. (69)). [7 marks]
Solution:

We need to express the Reynolds number as a function of the desired variables. Take the
above definition of the friction factor and substitute it into the Darcy-Wiessbach equation
to give
Ap 16p(v)?
L - ReMH R

Rearranging for the Reynolds number we have

16p (V)2 L

ReMR = — RA,D

Now we need to eliminate the pressure loss and pipe length terms by expressing it in the
desired variables.

The volumetric flow rate for a Power Law fluid is given in the data sheet as

y_NTR(RN\T( Ap\
3n+1\2k L
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The area of the flow is A = 7 R?, therefore the average flow rate is given by

<V>_K_ nR ﬂ% —Ap\ "
~ A 3n+1\2k L

Rearrange this equation to give an expression for the pressure drop in terms of the desired
variables

Ap 2k (3n+1\" .,
‘T-?( nF:’)<v>

We can substitute this into the equation for the Reynolds number to give

_16p(W2 R ( nR\", _,
=R 2k \3n+1)
And cleaning up gives
_8p(WTR" n "
Rewr = K <3n+ 1>

e) If a volumetric flow rate of 0.1 m3 h~' is required, determine if the flow is laminar in the
pipe and calculate the pressure drop. [3 marks]
Solution:

The average flow velocity is

V 01 1
= — = ~ R 7 =1
(V) = 2 = 36007001252 = 0%/ ms
The Reynolds number is then given by

_8p(WFTRT "

Rewr = k (3 n+1 )
_ 8% 739 x 0.057'5 x 0.01250% 035 \*%
B 891 3x0.35+1
~6.8x 1072

The transition Reynolds number (Reg\% ~ 2300) is approximately the same for Power-Law
and Newtonian fluids, so this flow is laminar.

The pressure drop can be calculated using the Darcy-Weisbach equation.

16p (V)2 L
—A,D a ReMR R
16 x 739 x 0.0572 x 1
~ 6.8x102%x0.0125
~ 452 kPa

[Question total: 20 marks]
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Question 54

A non-Newtonian fluid flows through a 20 m length pipe with a diameter of 25 mm. lts
apparent viscosity is 0.1 N s m—2 at a shear rate of 1000 s~ and its density is estimated to
be 1600 kg m—3.

a)

If the flow index n is 0.33, show that the consistency k is 10 if the Power Law model
applies. Give the rheological equation for the fluid. [3 marks]
Solution:

We can equate Newton’s law and the Power-law model to find the following expression in
terms of the apparent viscosity ftapparent-

OVy n

oy

OVy
oy

M apparent (42)

Assuming that at a shear rate of 9v,/dy = 1000 s~', we have an apparent viscosity of
apparent =0.1 N s m~2 and the flow index is n = 0.33, we have the following expression

0.1 x 1000 = k 100023
k~10.2

The rheological equation for the fluid is then given by the Power-Law model with the
coefficients inserted in, either expressed in terms of stress magnitude:

oy, 038
|Tay| = 10.2‘ 8;
or making the sign of the stress explicit:
—0.66
ry = —102| 2% 0%
dy dy

What type of fluid is this and how will it respond to increasing rates of shear? [3 marks]
Solution:
Rearranging Eq. (42) to obtain an expression for the apparent viscosity, we have

avx n—1

dy

Happarent = k

If n < 1, the apparent viscosity will decrease as the shear rate increases. This means the
fluid is shear-thinning.

If a flow-rate of 1 m3 hr~' is required, show that the flow would be laminar and calculate
the pressure drop. [5 marks]
Note: The definition of the Metzner-Reed Reynolds number for Power-Law fluids in pipes
is given by

_ n_\"p(v? "Dy
I:{e’\/lﬂ_8(6n+2> k

Solution:
First, we need the average flow velocity. This is defined as the volumetric flow divided by
the cross sectional area of the flow.
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The flow rate in standard units is 1/3600 m® s~' and the pipe radius is R = 0.025/2 =
0.0125 m. The average velocity is then

v
- Aﬂow

1 1

~ 3600 70.01252
~0.57ms™’

(v)

We can then calculate the Reynolds number and we find

0.33 )0-33 1600 x 0.572-0330,0250-33

Rewn =8 (6 % 0.33+2 10.2

~ 65

The fluid becomes turbulent around Reyr =~ 2000, so this flow is certainly laminar.

On to the pressure drop. For laminar flow we have the following definition for the Fanning
friction factor

16
Cr = Remr
~ 0.25
The pressure drop is then given by
CiLp(v)?
_Ap= =FNTT
P=""r
_0.25 x 20 x 1600 x 0.572
- 0.0125

~ 207936 Pa

The pressure drop is approximately 208 kPa.

Roughly sketch the flow profile for this fluid comparing it to the sketch of a Newtonian
fluid and a Bingham-plastic fluid. Explain the differences between the profiles. [3 marks]

Solution:

”Blunter” flow profile
»Sharper” profile Solid core to the flow

LRI LTI TT7Y,

Parabolic flow profile

L1

Newtonian  Shear Thickening Bingham Plastic
Shear Thinning
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The key features are that the Newtonian flow has a parabolic profile, whereas the shear
thinning fluid is “blunter” as the apparent viscosity is higher in the centre. The Bingham
plastic is different again as it has a solid core in the centre of the flow.

[Question total: 14 marks]

Q.55 Question 55
An incompressible polymeric fluid is to flow through 10 m of 50 mm inner-diameter piping.
The flow index, n, for the fluid is 0.3 and the apparent viscosity, ;, at a shear rate of 1000 s~
is 0.1 Pas.

a) What type of fluid is this? Give a general description of its viscosity and include a sketch
of the stress-rate versus strain graph and give the numerical expression for the stress 7,,.
[8 marks]
Solution:
This is a shear thinning fluid as n < 1.

-

3

shear stress,

»

strain, du/dy

To determine the numerical expression, we must determine the power law parameter Kk:

avx n—1

oy

Happarent =

Inserting what is known, we have

0.1 = k (1000)%3"
k = 0.1(1000)°7 = 12.59

The expression for the stress is then one of the following

n

e | = k OV,
= oyl oy W oy
where k = 12.59 and n=0.3.
b) Assuming the flow is laminar, what is the frictional pressure loss if the volumetric flow rate
required at the end of the pipe is 0.005 m® s='? [5 marks]

Solution:
From the data-sheet we have:

y_nTR (RN ( ApY
" 3n+1\2k L
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Rearranging for the pressure loss we have:

Ap_ (yBn+1\"( R\
L~ ntRe) \2k

03 —1
_ <0.005 3x0.3+1 ) ( 0.025 )

0.3 70.02583 2 x 12.59
= —7014 Pam™’

Given the pipe is 10 m long, the total pressure drop is 70140 Pa or 0.7 bar.

c) Using the Metzner-Reed Reynolds number, would you expect the flow in the pipe to be
laminar or turbulent? The standard transition value for the Reynolds numer applies and
you may assume a fluid density of 1500 kg m—3. [4 marks]
Solution:

From the datasheet, we have

16 Lp (v)?

RGMR = — RA,D

The flow velocity is

Vv 0.005

_ _ _ —1
W)= TRe = zo.0252 2246 m s

16p (V)% L
R Ap
16 x 1500 x 2.5462
- 0.025

RGMR = —

7014~

= 887.2
This indicates the flow is highly likely to be laminar.

d) How does the velocity profile in this pipe compare to one carrying a Newtonian fluid?
lllustrate your answer with an appropriate diagram. [3 marks]
Solution:

”Blunter” flow profile
»Sharper” profile \ Solid core to the flow

LRI L7777,

Parabolic flow profile

L1

Newtonian  Shear Thickening Bingham Plastic
Shear Thinning
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The key concepts to highlight are

- The drawings of the velocity profiles

- The parabolic flow profile of a Newtonian fluid

- The blunter flow profile of a shear thinning fluid

[Question total: 20 marks]

Q.56 Question 56
Consider the flow profile of a incompressible, Newtonian fluid through a horizontal annnulus

(see Fig. 21).

L
UV, Tzr

UV, 7 Tzr

Figure 21: Axial flow in an annulus (pipe in pipe).

The velocity profile was derived in Q.18, and is given by the following equation.

ApR? (r? K21 r
2=~ 4Lp <ﬁ_ log Iog(§>—1)

a) Derive the following expression for the volumetric flow rate as a function of pressure drop.

T Ap (1 — k%) R* [1 N (1 —Iiz)]

V= 8Lu log x

Hint: You may need the following identity obtained from integration by parts.

_ x%log(x) x?
/xlog(x)dx_T—Z+C

Solution:
The definition of the volumetric flowrate in cylindrical coordinates is given by integrating

the velocity over the cross-sectional area of the flow

. R 2m
V, = / / rv,(rydodr
kR JO

R
= 277/ rv,(r)dr
kR

TApR2 R /2 k21 r
T 2Lu /,{Rr(ﬁ_ log x IOg(ﬁ)_1)dr
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We can do the integration now, but it’s neater to make the change of variables x = r/R
(which gives dr = Rdx). This gives us

, TApR? (R /7 k21 r
Va= =51, /ﬂﬂf(ﬁ‘mbg(ﬁ)”)df

2 2 _
__TAphR / R? x (xQ—FJ 1Iogx—1)dx

2Lpu log k

TApR* [ [ 5 K21
=— 5L /H (x — Iog/@XIOgX_X dx
_ mApR*[x* k21 /x?logx x* _x_21
- 2Lp 4 log x 2 4 2.

Substituting in the integration limits, we have

_7TA,DF?4 1—H4+1—I€2 _l€2|Ogl€_1—H2 _1—/@2
2Lpu 4 log x 2 4 2

V, =

Comparing our current result to the answer, we see there is a factor 1/4 to be extracted.
Taking this out and expanding the terms gives

vl WApR4 [ 4 2y 2 (1 _Kz)z 2
V,=— §Lu 1—r —2(1—K)K—W—2(1—l€)
__WAPR4 [ ‘1 (1 —52)2
B 8Lu " log

Noting that 1 — k* = (1 — k?)(1 + x?), we can write the final form

T Ap(1 — k%) R*
8Lu

v, -

Solution:
Straightforward question. Take the previous expression and divide it by the cross sectional
area of the flow.

- Af/ow

(Vz)

The cross sectional area of the annulus is
Straightforward division gives the result

_ApR?
- 8Ly

(Vz)

14+k°+
log x
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C)

One method to generalise the definition of the Reynolds number is to use a hydraulic
diameter, Dy = 4 Asow/ Pw, in place of the diameter:
ReH = —p <Vz> DH
I

Use this definition to calculate the following expression for the Reynolds number of a
incompressible, Newtonian fluid through a horizontal annnulus:

_2p(v;) R(1 =)
N f

ReH

Solution:
The cross-sectional area of the flow is Aoy = m R? (1 - /4;2), and the wetted perimeter is
P, =27 R(1+ k). The hydraulic diameter is then:

Dy = 4 Asow/ Pw

_47TR2<1—K2)
T 27R(1+k)
2

=2R1 K
1+k
=2R(1—l€)(1+/€)

1+k
=2R(1 — &)

= Douter - Dinner
Inserting this into the above expression for the Reynolds number, we have
_2p({vz) R(1 — k)
1

ReH

Describe (not derive) how Metzer-Reed generalised the definition of the Reynolds num-
ber (what did they do to fix the definiton of Re)?
8p(v)? Pl

Afow AP

Using this approach, derive the following expression for the Metzner-Reed Reynolds
number of a incompressible, Newtonian fluid through a horizontal annnulus.

2p(v) R 1+I€2+1+fi
1 1—x logk

Re/\//fq =

Reyr = —

Solution:

The Metzner-Reed Reynolds number is defined through the fanning friction factor. Spe-
cifically, Metzner-Reed declared that for all flow geometries and viscous models, the laminar
value of the friction factor is Cf = 16/Reyr. Taking the expression for the Metzner-Reed
Reynolds number:

8p (V)2 P, L
Aflow Ap

_ 32p(v?L P,

T Ap 4Amw

ReM,q = —
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Noticing the 4 Agow / Pw factor, which is equal to the hydraulic diameter, we can immediately
subsitute in the result derived in the previous question (Dy =2 R(1 — k)).

Reo 160 (V)2 L
MR~ "R(1 — k) Ap
Now we need to substitute in our expression for the pressure drop in terms of the mean flow
velocity from Q. b.

Rearranging for the inverse pressure drop, we have

L R? 1+ﬁ2+(1—m2)]

Ap 8 (v, i log s

Substituting this into the expression for the Reynolds number, we have:
16p(v)? L
R(1 — k) Ap

16p(v)? R? (1 — K?)
TRO— 18 (v.) [1 g

ReM,q = —

(1)
_ 2p(v)R 1+k2 14k
- L 11—k logk

Where again, we factored the term (1 — x2) = (1 — &)(1 + &).

e) Comment on the two definitions of the Reynolds numbers and discuss which is “better’?
Solution:
No hard and fast “right” answer here, I just want you to demonstrate that you understand
the problems of multiple definitions of the Reynolds numbers. My “perfect” answer follows:

Neither Reynolds number is strictly correct, as there are an infinite number of definitions
of Re that we can make for flows in annuli. The reason for this is that I have two length
scales Djpper = k R and Doyrer = R, but I only need one for the D term in Re = p (v) D/p.

I could write D = Djpper + Douter or D = 100 D?

e ner/ Douter and Re is still dimensionless.

However, the Metzner-Reed has a nice symmetry about it. It ensures that all laminar friction
factors have the same definition. If the friction factor is a fundamental property of fluid
flow, we might be lucky and find that its more general than the geometry or viscous model.
Unfortunately, the research literature indicates that the turbulence transition region is not

symmetric (constant) for the Metzner-Reed definiton.

[Question end]
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Question 57
Fick’s law is often modified to the following form:

Nax = —(Das + Ep) %—();(A
What is the parameter Ep and what does it represent?
Solution:
Ep is the eddy diffusivity. It represents the additional transport of the species A through B due
to small eddies/circulating currents (caused by microscopic differences in temperature /pressure)
which causing the fluid to mix and appear to diffuse faster than expected.

[Question end]

Question 58
Consider the dimensionless Lewis number:

k

le= ————
p Cp Dag

What two transport processes are compared through this number and what does the limit
Le — oo correspond to?

Solution:

This number is a comparision of the thermal and mass diffusivity. At the limit Le — oo,
diffusion is neglighle when compared to thermal diffusivity (i.e. in a solid).

[Question end]

Question 59

Gaseous hydrogen at 10 bar and 27°C is stored in a 140 mm outer-diameter tank having
a steel wall 2 mm thick and a height of 850mm. The molar concentration of hydrogen in
the steel is 1.5 kmol m—2 at the inner surface and neglible at the outer surface, while the
diffusion coefficient of hydrogen in steel is approximately 0.3 x 1072 m? s='. What is the
rate of mass loss of hydrogen by diffusion per square meter of tank wall? Assume steady-
state, one-dimensional conditions.

a) Assuming the curvature of the tank is negligible (you can use rectangular coordinates),
show that the molar flux of hydrogen is constant through the wall.

Nu, > = Nu, 0

Solution:
There are two ways we can derive the general balance equation for this problem:

General Balance Equation Approach
The general balance equation for a species a is

ot ~ViNa

As we are using rectangular coordinates and using a = Hp, we can write

OCh,

ot = _vx NHz,x - vy NHg,y - vz NHz,z
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We are at steady state, and as we assume that the system is one dimensional (symmetric in
the x and y dimensions), we can cancel most terms to give

0
oC 0 0
78,42/ = VN = Uy Ny = Vo Ny

Leaving us with the final equation

ON,
VZ NHQ,Z = 81_2/212 = O
We can integrate this to obtain
NHQ,Z = C

This is a statement that for a flat plate at steady state the molar flux is a constant value.

This constant value is the flux at some point in the system, so we choose z = 0 to give
C = Ny, p.

NHg,Z = NH2,0

Shell Balance Approach

We perform a balance for hydrogen on a thin slab of steel located within the wall of the
tank. The bottom of the slab is at z, the thickness of the slab is Az, and the area of the
slab is A. We assume that we are at steady state, so there is no accumulation. Therefore,
we expect that the influx of hydrogen should equal the outflux:

NH2,Z(Z) A— NHz,Z(Z + AZ) A=0
Nh,,2(Z + AZ) — N, -(2)

=0
Az
Taking the limit Az — 0, we find
8NH2 z
— 2% -0
0z
Integrating this equation, we find
NH2,Z = C

From this point on the arguments are the same as for the general balance equation approach.

b) Noting that the concentration of hydrogen in the steel wall is very low x4, < 1, determine
the concentration profile of hydrogen in the wall.

Solution:
If the concentration of hydrogen is small, then we can use Fick’s law of diffusion directly.
0Cy
NHZ,Z = NHg,O = _DH2 822
We can determine the concentration profile using a single integration
OCh, B Nw, 0
0z D/v-/2
N, .0
Ch = ——2-z+ C;
2 DH2
N, 0
=—2(Co— 2z
B (C—2)
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where we’ve redefined the unknown constant to bring it into the parenthesis. Now we need
to use the boundary conditions to determine the values of the constants Ny, o and Co.

We can set up our coordinate system so that z = 0 refers to the inside surface of the steel
tank and z = 2 mm refers to the outside surface of the tank.

Then our boundary conditions are that, at z = 2mm the concentration of hydrogen is
negligible (C,(z = 0.002) = 0). This gives C, = 0.002.

At z = 0 mm the concentration of hydrogen in the steel is 1.5 kmol m~2 and we have
Nh, 0

Ch, = Dy, (0.002 — 2)
Ny, 0
3 _ 2,
1.5 x10° = 03 <1012 10_120.002
_ (1.5x10%)(0.3 x 107'3) - o 4
N, 0 = 0.002 ~225x 10 'mol m “s

Calculate the total mass flow rate of hydrogen transported through the side walls of the
vessel (consider just the cylindrical sides).
Solution:
The total molar loss of hydrogen from the vessel is given by the surface area of the cylinder
times by N, 0.
Ni,om DL =2.25x10""70.14 x 0.85~ 8.4 x 1078 mol s
]

The molar weight of hydrogen gas is 2 g mol~". This gives us a flow rate of 1.68 x 10~"g s~
or 6.048 x 10~*g hr~ ",

It is determined that the effect of curvature must be included in the estimation of the mass
flux (we must use a cylindrical geometry). Derive the following expression for the flux

C
NH,r = 71
and derive the following expression for the concentration profile of the hydrogen in the
steel wall.
Ch, =5.17 x 10*In (O—?7>
Solution:

We just repeat the analysis above but with a cylindrical geometry. The general balance
equation for a species a is

0C,
ot
As we are using cylindrical coordinates and using @ = Ho, we can write

aCH2 _ 12 ( ) 18NH2,9 + aNH2,Z
ot \ror\V "her o0 0z

=—-ViN;

We are at steady state, and as we assume that the system is one dimensional (symmetric in
the 6 and z dimensions), we can cancel most terms to give

0
10

oC
g (TN

ot
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Leaving us with the final equation

8rNH2,, -0
or
We can integrate this to obtain
Cy
NH2,f = 7

This is a statement that for a curved surface the mass flux changes as the area changes as
a function of r.

As the hydrogen is at a low concentration we can use Fick’s law directly

0Cx, Gy
Nhwr = =Dn=5" =

Integrating once again gives

C
Ch, = —DH2 In(r) + Cs

We know that at the inside surface of the cylinder, the concentration of hydrogen is Cy(r =
0.068) = 1.5 kmol m™2 and at the outside surface of the cylinder the concentration is

Ca(r = 0.07) = 0.

Using the boundary condition at the outside we have

C;
Cs = DH2| (0.07)
Which gives
Ch, = G (In (0.07) — In(r))
D,

The boundary condition on the inside surface gives

C 0.07
3 _ 1
1.5x10° = Dr, In (0.068)

0.07 \1™
C1 =15x 103 DH2 |:|n (m)}

~ 5.17 x 10* Dy,

Giving the final expression
.07
Ch, =5.17 x 10*In (g)

The concentration profile is independent of the diffiusion coefficient! This is analogous to
the stress profile which is independent of the viscous behaviour of the fluid.

6th December 2023 Page 101 of 157



Q.60

Heat, Mass, and Momentum Transfer M. Bannerman

e) Calculate the mass flux of hydrogen through the wall using the solution to the last ques-
tion.
Solution:
We need to evaluate the flux at either the inner or outer surface and multiply it by the
surface area. For consistency we will use the outer surface.

Using Fick’s law, we have

JCy
Nszf = _DH2 arz
0 0.07
_ 4
=517 x 10° Dy _In (—r )

517 x 10* Dy,
r

The molar flux at the outer surface is

5.17 x 10% Dy,
NHg,f=0.07 m = O 07

~222%x 10" mol m2s"

The total mass flux is

Mass flux = My, Ny, r007 mmDL=2x2.22x 1077 70.14 x 0.85 ~ 1.66 x 10 "g 5™
~5.98 x 107*g hr™'

where my, =2 g mol~" is the molar mass of hydrogen.

This is less than the 6.048 x 10~*g hr~' calculated previously but not by a significant
amount.

[Question end]

Question 60

Helium gas at 100 bar and 20°C is stored in a 140 mm outer-diameter vessel with a pyrex
wall 4 mm thick and a height of 850 mm. The molar concentration of helium in the pyrex
is 35 mol m~3 at the inner surface and negligible at the outer surface, while the diffusion
coefficient of helium in pyrex is approximately 0.2 x 10-'2 m2 s~ 1,

a) Assuming the curvature of the tank is negligible (you can use rectangular coordinates)
and steady-state, one-dimensional conditions, show that the molar flux of helium is con-
stant through the wall. [3 marks]

NHe,z = NHe,O

Solution:
There are two ways we can derive the general balance equation for this problem:

General Balance Equation Approach
The general balance equation for a species a is

0C,
ot

=—V; Na
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As we are using rectangular coordinates and using a = He, we can write

0 CHe
ot

= _vx NHe,x - vy NHe,y - vz NHe,z

We are at steady state, and as we assume that the system is one dimensional (symmetric in
the x and y dimensions), we can cancel most terms to give

0
oC 0 0
%;E = —VeMNgor  — VY Nmo,” — V., Nee

Leaving us with the final equation

8NHez
VzNye, = = =0
z 'NHe,z 07
We can integrate this to obtain
NHe,z = C

This is a statement that for a flat plate at steady state the molar flux is a constant value.
This constant value is the flux at some point in the system, so we choose Z = 0 to give

C= NHe,O-
Nhe.z = Nrep

Shell Balance Approach

We perform a balance for helium on a thin slab of pyrex located within the wall of the tank.
The bottom of the slab is at z, the thickness of the slab is Az, and the area of the slab is A.
We assume that we are at steady state, so there is no accumulation. Therefore, we expect
that the influx of helium should equal the outflux:

Nue,z(2) A — Nue,z(2 + AZ) A= 0
Nue,z(Z + AZ) — Nue,, (2 _0
Az
Taking the limit Az — 0, we find
aNHe,z
oz 0
Integrating this equation, we find
NHe,z =C

From this point on the arguments are the same as for the general balance equation approach.

The concentration of helium in the pyrex wall is very low xy. < 1, allowing the use of

the simple form of Fick’s law. Determine the concentration profile of helium in the wall.
[4 marks]

Solution:

If the concentration of helium is small, then we can use Fick’s law of diffusion directly.

0 CHe

Nuez = Nheo = —Dhre 57
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We can determine the concentration profile using a single integration

9Che _ _ NHeo
0z DHe
NHe,O
CHe = — DHe + C
NHeO
) C _
D%( )

Now we need to use the boundary conditions to determine the values of the constants Nye o
and C.

We can set up our coordinate system so that z = 0 refers to the inside surface of the pyrex
tank and z = 2 mm refers to the outside surface of the tank.

Then our boundary conditions are that, at Z = 4mm the concentration of helium is negligible
(Ca(z =0.004) = 0). This gives C = 0.004.

At z = 0 mm the concentration of helium in the pyrex is 35 mol m—3 and we have

Che = Nieo (0.004 — z)
DHe
NHe,O
35 = 02 % 10-12 10_120.004
35 x 0.2 x 10712 9 o 4
Nyeo = 0.004 ~1.75 x 1077mol m“s
c) Calculate the total mass flow-rate of helium transported through the side walls of the
vessel (consider just the cylindrical sides). [3 marks]
Solution:

The total molar loss of helium from the vessel is given by the surface area of the cylinder
multiplied by Nyeo.

NyeomDL=175x10"°70.14 x 0.85 ~ 6.5 x 107 "% mol s~

The molar weight of helium gas is 4 g mol~'. This gives us a flow rate of 2.6 x 1079 s~
or 9.4 x 10~ %g hr~".

[Question total: 10 marks]

Question 61

To maintain a pressure close to 1 atm, an industrial pipeline containing ammonia gas is
vented to ambient air. Venting is achieved by tapping the pipe and inserting a 3 mm diameter
tube, which extends for 20 m into the atmosphere. With the entire system operating at
25 °C and 1 bar, the ideal gas equation of state predicts a total molar concentration of
40.9 mol m—3. Equimolar counter-diffusion can be assumed, and both the concentration of
air in the pipeline and the concentration of ammonia in the atmosphere can be considered
negligible. The diffusion coefficient of ammonia through air is approximately 2 x 10> m2 s~'.

a) Determine the mass rate of ammonia (17 g mol~") lost in to the atmosphere, N4, in kg/h
and the mass rate of contamination of the pipe with air (29 g mol~'), Ng, in the same
units. [12 marks]
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Solution:
[1/12] There is no generation of mass in the flow, and the system is at steady statey, thus
0
oC 0
=—-V-N,
It A+ oA
V-Ny=0
Using rectangular coordinates, and treating this as a one dimensional flow we find that the
[1/12] fluxes of the ammonia and air are constant.y
ONj x
3 — 0
ox
Thus,
Naz = Nao Ng.z = Ngo
The boundary conditions are
Ca(z = 0 m) = 40.9 mol/m° Ca(z =20 m) = 0 mol/m®
Cs(z =0 m) = 0 mol/m® Cs(z = 20 m) = 40.9 mol/m®
[2/12] $If the system is an ideal gas, and there is no pressure driven flow (assumed by the pipeline
[2/12] being at 1 atm), this is equimolar counterdiffusiony , thus Ngg = —Nap.
For equimolar counterdiffusion we can directly use Fick’s law for the fluxes,
0Ca
Npz=Nag=—Dpg—
Az A0 AB~5>
Integrating this equation, we find:
Nao
Ca=C— =2z
g Das

[1/12] v

From the first boundary condition in the ammonia (Ca(z = 0 m) = 40.9 mol/m?), we find

C = 40.9 mol/m®

[1/12] { From the second boundary condition we find
Nao
0=409 - 20—
Das
40.9 Dpg
Npo= ———
A0 20
409 x2x10°°

~ -5 2
20 ~ 4.09 x 107> mol/m“s

[1/12]

BN
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If we multiply the flux of ammonia by the cross-sectional area of the tube 7 D?/4 and its
molecular weight (17 g/mol), we will find the mass rate of ammonia lost to the atmosphere:

ammonia lost to atmosphere = NAO D? M,

4

- (4.09 x 107 2 mol

) %(o 003 m)2(17 g/mol)

~4.91x107° g/s
~1.77 x 1078 kg/h

To determine the mass rate of contamination of the pipe with air, we first note the molar flux
of air into the pipe is equal and opposite to the molar flux of ammonia into the atmosphere

[1/12] (Nao = —Ng, due to the assumption of equimolar counterdiffusion).y Multiplying this molar
flux by the cross-sectional area of the tube and the molecular weight of air (29 g/mol), we
find that the mass flowrate of air into the pipeline is

air entering pipeline = —NA!o%D2 Mg

mol

_ (4.09 x 1078 ) %(0.003 m)2(29 g/mol)

~ —8.38 x 107° g/s
~ —3.02 x 107° kg/hr

[212] ¥

b) A new high-tech membrane, which is impermeable to air, is installed at the bottom of the
pipe to prevent air polluting the pipeline. The air within the tube is now stationary and
the mole fraction of ammonia at the surface of the membrane is xa(z = 0) = 0.9. Resolve
the problem again to determine the flux of ammonia.

Note: Stefan’s law (in mole fractions for ideal gases) is given by the following

CT 8XA

Naz = _DAB1 — Xa 0Z

[8 marks]

Solution:
This problem is similar to diffusion in an Arnold cell. For equimolar counter-diffusion, we
have Stefan’s law

CT 8XA

Naz = _DAB1 — Xp 0z

The flux of ammonia is still constant along the pipe (the balance equation hasn’t changed,
only the expression for the flux). So we can try integrating Stefan’s law

CT aXA

1—Xx4 0z

1
NA,o/dZ= _DAB CT/1 —XAdXA
NA’()Z = DAB CTIn (1 — XA) +C

NA,z = NA,O = _DAB
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v
2

The boundary condition at the bottom of the pipe, in terms of the mole fraction, is Xa(z =
0) = 0.9 which gives
0= DAB CTIn(O1) +C
C= _DAB CT In (01)
=—2x10"°%x40.9xIn(0.1) ~1.88 x 1072

v
1

The other boundary condition is that the concentration of ammonia is zero at the exit of
the tube xa(z =20 m) = 0.

20 Npo=DpsCrin(1) +1.88 x 1073
1.88 x 1078

Nao = 20

=9.4 x 107 mol/m® s
{ The total mass flowrate of ammonia is

T
ammonia lost to atmosphere = NA’OZDZ M,

- (9.4 x 1075 mf')
m< s

~1.13x 1078 g/s

~ 4.07 x 1078 kg/hr

(0.003 m)2(17 g/mol)

N

¢ The flow rate of ammonia has increased from 1.77 x 1078 kg/h (this is a feature of diffusion
through a stationary layer), but it is still small.y

[Question total: 20 marks]

Question 62

A Winkelmann apparatus is used to measure the diffusivity of a substance, A, in air. It is
sketched in Fig. 22. To perform the experiment, a quantity of liquid A is placed at the bottom
of a test tube. The liquid evaporates to a vapour mole fraction of x4 sz at the liquid surface
(which is determined in a separate equilibrium experiment). The vapourised A then diffuses
up the tube where it is removed by a steady flow of air. As A is removed, the liquid level in
the tube drops and by monitoring it’s rate of change the total diffusive flux can be calculated.
We can assume the diffusion profile is at steady state if the rate of evaporation is slow. We
also assume the vapours of air and A form an ideal gas, so density is constant inside the
tube.

a) Derive the following differential balance equation governing the diffusion of mass in the

system. Remember to state any assumptions you make.

0

—Njy,=0

oz A

[5 marks]

Solution:
As the liquid is evaporating slowly, we can assume it is at quasi steady-state.y

We also assume that the diffusion is one-dimensional and only consider diffusion up the
axis of the tube.y We can use either rectangular or cylindrical coordinates, but rectangular
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— — — > High air flow-rate

A
i Diffusing height L

fvvv\v

~Evaporating liquid

~

) g

Figure 22: A winklemann experiment.

coordinates are used here as they’re simpler.
From the general balance equation, we have

0Ca

—; = —ViNa,
ot ViNa,

We choose either a rectangular or cylindrical coordinate system and align the z-axis so that
it points up the test tube.

[1/5] At steady state the time derivative is zero{and the flux in the directions perpendicular to
[1/5] Z are zero.{
0
0C 0

0
5 VNG Yy N~ Vaag

Substituting in the definition of the z-component of the cylindrical /rectangular gradient
operator, we have

ON,
VZ NA,Z = a;’Z = 0
[1/5] 1
b) Write down the boundary conditions of the system and state which class of diffusion
problem this is. [3 marks]
Solution:

The boundary conditions are:

* The mole fraction at the surface of the liquid is equal to the saturation mole fraction

* At the top of the test tube, the concentration is zero due to the high flow-rate of air

[1/3] (xa=0at z=1L).y
[1/3] This is diffusion through a stagnant layer.;
c) Derive Stefan’s law, given below, from the general expression for the diffusive flux. [4 marks]

C aXA

Ny, = —Dpar——=2
Az A,a/r1 —Xs 82
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Solution:
Taking the general expression for the diffusive flux from the datasheet, we have

Na, = —DABa_CA +XAZN12

There are only two components in this system, the stationary air and the diffusing compon-
ent (A). Thus, the general expression becomes

0C,
NA,z = _DA,air_A

57 Xa (Naz + Nair 2)

(The air within the test tube must be stationary (N, = 0), as it is not absorbed or released
by the liquid.y

0Cq
0z

NA,z = —DA,air + Xa NA,z

Noting that Ca = x4 C, where C is the total gas concentration in the system, we can write

oC
NA,z = _DA,aira_ZA + Xa NA,z
= _DA,airC% + Xa NA,z
oXx,
(1 —xa)Naz = —DpairC— 97 A
C o0x
NA,z = DAalr1 —Xa 8ZA

N

Derive the following expression for the mole fraction profile x4 in the system. [8 marks]

Xa=1—(1—xasar) "
using the identity

8NA,Z

0z =0

Solution:
Substituting Stefan’s law into the balance equation from the first question, we have

0 C aXA
oz (—DA'W—1 . XA5> =0

{ Integrating this equation with respect to z, we have

{ Integrating again we have
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_DA,air Cln (1 — XA) = C1 zZ+ Cg
{ The first boundary condition, as z = 0 we have X4 = Xa 5. Which gives
Co = —Daair CIn(1 — X45a1)

{ The second boundary condition is that at z = L we have x4 = 0. Using these values we
find,

0
—Daair CIn(3=0) =CiL—Dpar CIn(1 — Xasar)
_ DA,air C
C = 1

In (1 - XA,sat)

{ Substituting these values back in, we find

IN(1 — xz) = (1 _ %) In(1 — Xa.0a)

1-— XA
In =0
((1 - XA,sat)1z/L>

Xa=1—(1—xaea) “/*

v
2
The derivative of the mole fraction in position is

xa  In(1 = Xasar) (1 — Xasa) ™"

0z L

Derive the following expression for the flux of A, N, ., at any location in the tube. [3 marks]

C
Na . = _DA,airI In(1 — X4 sar)

Solution:
Starting with Stefan’s law, we can substitute in the expression for the positional derivative
of the mole fraction:

C o0x
NA,z = _DA,airma_zA
o C (1 xasa) (1 = xXaem) "
= A,a/r.l — Xy L

{ Substituting in the expression for the concentration profile, we have

C IN(1 — xasar) (1 — XA,sat)1_Z/L

Naz = —Daai —
ar(‘I - XA,sat)1 /L L

C
= _DA,airI In (1 - XA,sat)

Y The flux of the component is constant up the tube (as expected from IN=OUT)Y .
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f) The mysterious ingredient 7X in a popular drinks beverage evaporates to a mole fraction
of 0.02 in air at standard temperature and pressure (20 °C and 1 atm). In a Winkelmann
experiment, the level is dropping at a rate of 1 mm min~—! when the diffusing height is
5 cm. Determine the diffusion coefficient of 7X through air. You may assume the vapours
of 7X and air form an ideal gas and that liquid 7X has a density of 18 kmol m—3. [5 marks]

Solution:
At standard temperature and pressure, the concentration of gas molecules in an ideal gas is
given by
n P 101300
= = = ~ 41.56 mol m >
C=V=RT 8314 x29315 - 4126 molm
[1/5] {If the liquid level is lowering by 1 mm min~', then the volumetric loss of liquid 7X is
. 1x 103 B
Vix = 60 X Awpe m® s~
[1/5] { The molar flux is then the volumetric loss multiplied by the density and divided by the

cross-sectional area of the tube.

1 x 1073 18 x 108
Noy,= ——n— —— =0.3 lm2 s
7X, 60 % % molm “s

[/5

We can now work out the diffusion coefficient in air

C
N7X,z = _D7X,airz In (1 - X7X,sat)
N7X,z L
D7X,a/r = - C In (1 _ X7X,sat)
_ 0.3x005
" 4156 In(1 —0.02)
~ 0.01787 m? s~

[2/5] g
[Question total: 28 marks]

Q.63 Question 63

a) Define the Schmidt number, what does this dimensionless number tell you about the

transport processes in a fluid? [2 marks]
Solution:
The Schmidt number is defined as
v
SC = 5

It is the ratio of the rates momentum and mass diffusion in the fluid, and relates to the
[2/2] thickness of the momentum and mass transfer layersy .
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Diffusion

Water [Sugar B

oo

Figure 23: The lump of dissolving sugar.

b) A hemispherical lump of sugar, initially of radius R = 0.005 m, is dropped into a cup of tea,
quickly coming to rest on the bottom of the cup as shown in Fig. 23. The sugar lump then
slowly dissolves into the tea. The diffusion coefficient of sugar in tea is 4 x 10719 m? s,
The saturation mole fraction of sugar in tea is 0.1 and the total molar density of the system
is ¢ =55 x 103 mol m=3,

i) Derive the following differential balance equation for the system.

0
Erz NS,I‘ = O

[5 marks]
Solution:
We start with the general diffusion balance equation. As the sugar lump is dissolving
slowly, we can assume it is at quasi steady-statey .

0

0 ts = —V;N;,

We choose a spherical coordinate system due to the symmetry of the systemy . At steady

state the time derivative is zero and assume the system is symmetric in the angles
and ¢,

0=—ViN;,
0 0

10, 1 9 | 19
| r2or (r* Ns,) + rsin Hﬁg (Nsp sin6) + rsin Qﬂé Ne.o

¢ This yields the final result:

l Or2 Ns,
re or

=0

i) Determine the boundary conditions. [2 marks]
Solution:
The boundary conditions are

* The concentration is at the precipitation concentration at the surface of the sugar
lump (¢s = 0.1 at r = R)Y.
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* We can assume that the concentration is zero at a large distance from the sugar
lump, ¢s =0 at r — ooy .

iif) Assuming the tea is stagnant, derive the following expression for the variation of the

sugar mole fraction in the water.

You may need the identity:
/(1 —x)'dx=—In(1=x)+C

[11 marks]
Solution:
For diffusion through a stationary component we need to use Stefan’s law expressed in
mole fractions

c OXs

Ns; = —Dgyr————
> 1 — x5 Or

{ Substituting this into the balance equation from the previous question, we have

0 (- c OXs
or (70w 55 5 ) =0

{ Integrating this equation with respect to r, we have

_C X _G
M1 —xs0r 2

{ Integrating again we have
C

¢ The first boundary condition, as r — co we have xs — 0. Which gives C, = 0Y.
The second boundary condition, at r = R = 0.005 we have Xs = Xssat = 0.1¢. Rearran-
ging the equation we have

C1 = RDSW C |n (1 — Xsysat)
{ Substituting in the values, we have

Ci =0.005 x4 x 107" x 55 x 10% In (1 — 0.1)
~—1.16 x 1078
{ The final solution is given by

R DgycIn(1 — Xs.sat)
r

DgyciIn(1 —xg) =

R
In (1 - Xs) = 7 In (1 - Xs,sat)

Xs = 1— (1 - Xs,sat)R/r

Xs =1 —0.9%005/"

SEN

[Question total: 20 marks]
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Question 64

Consider a spherical coal particle undergoing combustion. Combustion of solids is typically
limited by the rate at which oxygen can get to the combusting surface. As the reaction is
oxygen limited, we assume that as soon as oxygen reaches the coal surface it is instantly
converted to carbon monoxide (CO).

2C+0, - 2CO

You can assume that there is no oxygen at the surface of the coal particle xo,(r = R) = 0,
and a oxygen mole fraction of 21% at a large distance from the particle xo,(r — oc) = 0.21.
You can also assume steady state conditions, a constant temperature and pressure, and
that all gases are ideal gases and mixtures.

a) Specify and simplify the balance equation for the oxygen in this system.
Solution:
The general balance equation, for ANY diffusion problem is

0Ca

ot
This could be the balance for any of the diffusing species (A = [O2, CO, N3]), but we’ll only
need to look at the balance for the oxygen.
0Co,
ot

=—V'NA+O'A

= —V'No2 +(To2

We can assume the system is at steady state. We can also state there is no production
or consumption of oxygen in the air, only at the boundary of the particle. So the genera-
tion/consumption of oxygen (0o,) is also zero

0
agtg — —V'N02+%O
V-No,=0

We use spherical coordinates as we have a spherical particle. Using spherical coordinates
and expanding the dot product above we have

10 ,, 1 . 1 0No,,
—— (r°N, — (N, n — 2% =
2 (7 Nowr) + g g (Nowo sin®) + i 96 0
The particle is symmetric in the 6 and ¢ directions, so we can cancel these gradients to give.
10 .,
EE (I’ NOg,I’) = O

This is the final, simplest balance equation for this system. The steps we went through
above are very similar to the steps used to simplify the continuity equation. And, just like
in the continuity equation, we almost always make assumptions to reduce it to a single
gradient term, as above.

6th December 2023 Page 114 of 157



Heat, Mass, and Momentum Transfer M. Bannerman

b) Derive the following expression for the oxygen flux.

D CT (9Xo2

No,r = —
%2 = "1+ xo, OF

Solution:
FEvery flux in every diffusion problem is given by the general equation

NA=JA+XAZNB
B

where Jy is given by Fick’s law of diffusion

9Ca
Sr= P

So, considering only oxygen and the flux in the r direction, we have
No,.r = Jo,,r + Xo, Z Ng
B

dCo,
=-D aro +x02§NB,,

There are three species in the system, O,, CO, No. So the sum on the right can be expanded
like so

oC
No, = —D afz + Xo, ZB: N,
dCo,
or

In this problem, for every mole of oxygen that reaches the surface, two moles of carbon
monoxide are formed.

--D

+ Xo, (NOZ,r + Nco,r + NNg,r)

20+0, —-2CO

This means that the flux of carbon monoxide must have the opposite sign to the flux of
oxygen, and must be twice as large

NCO,r = _2 NOg,r
The nitrogen is not going anywhere so we have

NN2’,- = O

Substituting this in to the expression for Np, ,, we have

—2 N,
aC O 0
NOg,f =-—D a;)z + Xo, (Noz’r +M +M )

0C
=-D 6?2 + Xo2 (NOZ,r -2 Noz,r)
0C
NOZ,I' = _D al(’)z - X02 NOZ,I’
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We can rearrange for No, , to give

D 0Co,
1+ X0, Or

NOQ,I’ = -

The molar concentration is related to the mole fraction by Ca = x4 Cr, where Cr is the
total molar concentration. We assume that the total molar concentration is constant as the
temperature and pressure are constant. We can rewrite the equation purely in terms of the
mole fraction of oxygen, Xo,

D 0Co,
14+x0, Or
D (9Xo2 CT
B 1+ X0, or
D CT 6x02
A4xo, Or

NOg,f =

This is the final expression. Note that the diffusion is lower by a factor (1 + Xo,)~" than just
plain Fick’s law would give you. This is because the diffusion of carbon monoxide from the
surface will hinder the diffusion of oxygen to the surface.

c) Using the expression for the oxygen flux and the balance for the oxygen flux, solve for
the concentration profile of oxygen around the particle.
Solution:
Here we have two equations for our system.

B DCT 8X02
1+X02 or

——(r*No,,) =0 No,.r =

We need to solve for the concentration profile, which we can express in terms of Xp,. Just
like all of the flow examples, we integrate the balance equation first to find the flux around
the particle

l@rz NOg,f -0
2 or
8r2 Noz’,-
~ar =0
r2 NOQ,I’ = C1
C
NOQ,I‘ = r_21

Note that the total flux of oxygen into the particle is equal to the flux times by the surface
area of a sphere at a radius r, so

Total diffusion rate of oxygen onto the particle = 4 7 r? No, =47 C;

This gives a physical meaning to the constant Cy.

Taking the two expressions for the flux, we have

N _ﬁ__ DCT aX()2
O2r 2 T 1y xo, Or
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Rearrange both sides ready to integrate and performing the integration we have

1 1
C1/ﬁdr=—DCT/1+XOZdX02

—C117 = —DCT In (1 +X02) + Cg

Now we need to determine the integration constants using the boundary conditions. As
r — oo we find Xo, — 0.21, which gives

0
—C1g = —DCT |n(1 +0.21)+Cg
Cz = DCT In(121)

substituting this back in to the previous expression we have
1
—C17 =DCr (In(1.21) —In (1 +X02))
The other boundary condition is at r = R, we have Xo, = 0 which gives
1 0
—C1§ =DCr (In(1.21) — In(3+0)"

C1 = —RDCT In(1.21)

Substituting this back in, we have

DCrIn(1.21)— =DCr (In(1.21) = In (1 + xo,))

( . 2)
I

We want an expression for the concentration profile, so lets rearrange for Xo,.

In(1.21)R In( 121 )

~lm~I13

In(1.21)

7= 1+XO2
1.21
In(1.217/7) =1
(1217 =i (£50)
1_21R/f=ﬂ
1+Xo2
1.21

X0 = Jo1Ar
Xo, = 1.2117F/" 1

d) What can you use the information you’ve derived for?
Solution:
By knowing the rate at which oxygen gets to the particle you can calculate how fast it is
burning, from this you can work out.

i) The rate at which you need to add air to the fire.
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ii) How much heat is released per second.
iii) How long the coal particle will take to burn.

All of this information is essential if you want to design a coal (or any other solid fuel, e.g.,
biomass) fired power plant.

Solution:
Extra Notes:

The total concentration of air was calculated using the ideal gas equation of state. If we assume
the particle is burning in air at STP, we have

U 1 ~ 41 mol m°
V- RT 8314x29315 ' mom

[Question end]

Q.65 Question 65

Consider a spherical aggregate (or ball) of bacterial cells (assumed to be homogenous) of
radius R. Under certain circumstances, the oxygen metabolism rate of the bacterial cells
is an almost constant reaction (zero-order) with respect to the oxygen concentration oo, =
—Kko,. The diffusion of oxygen within the ball may be described by Fick’s law with an effective
pseudobinary diffusivity for oxygen in the bacterial medium of Do,_u. Neglect transient and
convection effects because the oxygen solubility is very low in the system. Let ng) be the
oxygen mass concentration at the aggregate surface:

a) Show all of your working and state all assumptions made while demonstrating that the
oxygen balance for the system,

0C
81’02 =-V- N02 + 00,
simplifies to the following expression,
0
E (r2 NOg,r) = —k02 r.
[4 marks]
Solution:
Take the balance for O,
0C
31‘02 ==V No, + 00,
[1/4] { Neglecting transient effects (assuming steady state), and inserting the spherical definition
of V- Np, gives
V . N02 = 0’02
10, 1 0 . 1 0N,
—— (r* N, ——— (Nop,sSin0 . 2= =
r2 or (r* Noy.r) + rsine 0o (No,ssin) + rsing 0o O
[2/4] ¢ Assuming the system is rotationally symmetric, we have aﬁ = 0 and % = 0, all terms
except the first are zero. Inserting this back in along with the definition of oo, gives:

0

E ( 2N02,r) = —k02 r

2
4]
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b)

Demonstrate that the oxygen flux obeys the following relationship:

NOg,r — k02 R2 ( r C1 R)

3F1’2 6r2

where C; is an unknown constant. [4 marks]
Solution:
Integrating the previous eqation

0
E (r2 NOQ,r) = —k02 f'2
r3
r2 NOZJ' = —k02 § + C/

r C’
NOg,r = —k02 § + —

{ To match the solution, some rearrangement is needed.

r C|
Now = ~ko, FF (3 R P R21k02)

Y The final step is to redefine the integration constant Cj in terms of another unknown
constant Cy, like so C} = —ko, C1 R®/6Y, giving the final solution

r C1 R)

2
Noyr = ~ho, A (3/—72 Ty

v
i

Demonstrate that the concentration profile obeys the following form in the limit that the

O, concentration is small:
ko, R? r? R
002 = 6 D027M (R2 C1 + Cz

[4 marks]
Solution:
From the datasheet, we have the definition of the diffusive flux:

No2 =J02+}@2/'OZNB
B

where the last term cancels due to the low concentration assumption.y Inserting Fick’s law
from the datasheet (which assumes a ideal mixture):

No, = Jo, = —Do,-n VCo,
In particular, for the r-direction, Nop,,, is:

0Co,
or

No,,r = —Do,—m

{ Inserting this into the balance from the previous equation we have:

8002 > r C1R
Bo,-u =5, = ko (3R2 6r2)
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{ Performing the integral

6002 _ k02 R? ( r C1 R)

aor - DOZ—M 3 Rz 6r2
ko, B2 [ R

o= Do (6F?2 " er > +G
ko, B2 [ 1P R

Co: = 5 Do, m (ﬁ —GT )G

v
i

Using the only available boundary condition, determine C, and demonstrate that the final
expression for the concentration is:

_ k02 FI)Z l’2 R (R)
COZ_GDosz (ﬁ+C1 1—7 — 1 +CO2

[4 marks]
Solution:
For r = R we have Cop, = ng).{

ko, R?

(R _ RO

Oz—m(1—0‘|)+cz
_ ko, R? (R)

Co= 5 po (G- 1)+

¢ which gives

Ko, R? r? R (R)
COZ—GDOZ_M (ﬁ+C1 1—7 —1 +002

v
i

It is possible that the spherical bacterial ball has an oxygen-free core (Co, = 0 for r <
reore)- Prove that this only happens for:

2
DOZ_M COZ

Hints: As the concentration and diffusive flux are continuous, they both must go to zero
at the core radius rgye. Use this to solve for Cy, then solve for r.. and consider what is
required if reoe > 0. [4 marks]
Solution:

We have two equations:

r C1 R

_ k02R2 r2 R (R)
Co.= g (ﬁ+c1 1= 2) 1)+ cl

{ At the core radius, we have from the flux equation:
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0 r. CiR
M _ k02 R2 core + 1
’ 3 RQ 6 rc?ore
_ 2 rgore
R3
From the concentration equation we have

0 ko, R?2 /12 R
—_ 2 core _ . (R)
cs _6002M(F?2+c1 (1 - ) 1>+002

core

Ci =

(R)
- 6 Do,-m Co, _ rczore_'_C1 (1 R )
k02 R2 R? core
{ Inserting the definition of Cy, we have
(R)
_ 6 Do,-m COz _ 3r§ore _ 2 rgore
ko, 2 R R
Feore ( rcore)
_ foore (35

R? 3 R

{1If 0 < rgore/ R < 1 (which it must be if it exists) then the right hand side of the equation
must be positive. For the left hand side to be equally positive, we must have:

2
ko2—R(R) > 6
DOZ_M CO2
v
1
[Question total: 20 marks]

Question 66

Consider condensing heat transfer:

a) The film thickness is a critical design parameter of condensing heat transfer. Explain how
the thickness of the liquid layer affects the heat transfer and what the optimal conditions
are for maximising the condensing rate.

Solution:

In condensation, the surface of the liquid film must be at the dew-point of the liquid. In
order to transfer heat through this layer of liquid the rest of the film must be subcooled below
this temperature. Therefore the thicker the film, the more energy is required to subcool the
liquid before further condensation can take place. A thin liquid film is most desirable for
pure condensation.

b) Discuss dropwise and film condensation. Which is most likely and why is dropwise con-

densation more favourable?

Solution:

Dropwise condensation happens only on specially treated and maintained surfaces; how-
ever, as sections of the surface are almost bare of any liquid the condensation heat transfer
coefficients are extremely high.

The disadvantages of dropwise condensation are that avalanches of droplets cause intermit-
tent surges of condensate which may flood any process equipment after the condenser. Also,
when the surface dirties condensation switches back to film-limited transfer.

[Question end]
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Question 67

a) i) Sketch the pool boiling curve (heat-flux/transfer-coefficient versus excess temperat-

ii)

ure), identify the key boiling regimes and describe the conditions in each. [8 marks]
Solution:

A I i II i IT1
In(q) i s

>

AT

The markings on the graph denote the three main regions:

I Pure convective boiling: The heat transfer is driven by natural convection with
evaporation taking place at the surface of the fluid.

IT Nucleate boiling: Bubbles begin to form at the hot surface, increasing the heat
transfer rate significantly due to increased convection at the surface.

ITT Film boiling: The high rate of vapour generation causes the bubbles to coalesce and
form a vapour film covering the boiling surface.The heat transfer rate continues to
increase as radiative heat transfer comes into play .

On your pool boiling curve, indicate the location of the critical heat flux and describe
advantages and the danger of operating an electrical boiler at this point. [2 marks]
Solution:

The critical heat flux occurs at the maximum in the heat flux just before the onset of
film heat transfer. Operation at this location is advantageous as the heat transfer is at
its peak;However, if a fluctuation causes the boiler to move into the film boiling, the
heat transfer rate drops causing the temperature to rise further and it may cause the
boiler to burn out.

Why are electrical boilers vunerable to burnout near the critical heat flux when com-
pared to boilers which use condensing steam as a heat source? [2 marks]
Solution:

With electrical heaters the heat flux, @, is directly controlled, therefore the temperature
of the wall may runaway if the actual heat flux is lower; however, steam is supplied to
a heat exchanger at a fixed temperature which the boiler cannot exceed.

b) A kettle-type re-boiler operating at a pressure of 0.3 bar is used to boil a fluid of orthodi-
chlorobenzene at a temperature of 120 °C. The properties of the mixture are given in the

table below.
ur | 0.45 x 1072 Pas UG 0.01 x 103 Pas
oL 1170 kgm—3 PG 1.31kgm=3
ke | 011 Wm—T K1 Co.L 1.25 kd kg~ K-
Pe 41 bar Boiling point 136 °C
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i)

Assuming 40 m? of surface area is available for boiling and neglecting the geometry,
calculate the heat transferred due to pure nucleate boiling. [6 marks]
Solution:

There are two correlations for the heat transfer coefficient, in the data sheet. However,
only the Mostinski correlation is useful as we do not have data on the surface tension,

’y.
0.17 1.2 10
ho = 0.104 p% ¢°7 1.8 (ﬁ> +4(£) +10(£>
" Pe 4 [ Pc Pc Pc

0.17 1.2 10
0108 a7 15(§7) w4 (37) e 10(§7)
~1.07q"’

If the heat flux is due to pure nucleate boiling then we have

g = hnp (Tw — Tuia)

The wall temperature will be at the boiling temperature of the fluid T, = 136 °C.
Inserting this expression into the expression for the boiling heat transfer coefficient
yields

hnp = 1.07 x (hp [136 — 120])%7
Rearranging for hpp, we have
h%3 =1.07 x ([136 — 120])°’
h%2 = 7.45
hnp =808 W m 2K
Finally, the total heat transfer rate is given by
Q=qA=hwA(Tw — Thig)
=808 x 40 (136 — 120)

~ 517 kW
Estimate the critical heat flux and determine if the reboiler is operating in a safe
region. [4 marks]
Solution:

Again we use a Mostinski correlation for the critical heat flux

0.35 0.9

0.3\ 035 03
_ 4 _ =
=3.67 x 10 ><41(4 ) [1 41]

~ 267 kW m?
The total critical heat transfer rate is

Qs = g A = 267000 x 40
~ 10.7 MW

This critical heat flux is well above the operating heat transfer rate, so the reboiler is
operating in a safe region.

[Question total: 22 marks]
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Question 68

Two immiscible incompressible Newtonian fluids flow co-currently in a horizontal plane chan-
nel, as shown in Fig. 24. The density and viscosity of fluid 1 are p; and 1, respectively; the
density and viscosity of fluid 2 are p, and u,. This is the simplest example of multiphase
flow, and is one of the few systems with an analytical solution. Each phase must be solved
separately (two Continuity/Cauchy equations) as they only interact with each other through
their boundary conditions. Assuming the two fluids are liquids (not liquid gas), we can apply
a no-slip condition between the two phases at y = h (the velocities of the two phases are
equal). We also know that the stresses are equal at the interface from Newton’s third law of
motion.

y=H

y:

Fluid 2 %

Fluid 1

Figure 24: Flow of two immiscible fluids in a planar channel.

a) Derive the following expressions for the velocity distributions in each fluid.

Vea(y) = —251”5 (1-2%) [1+a+%] (43)
it = 5558 (1) (44 ot

where

R | T R

Clearly state what assumptions you make along the way.

Solution:

Standard method to derive the stress equation:

We can start this problem by taking the continuity equation in rectangular coordinates. As
with all of the other examples, if we assume well-developed, laminar, and incompressible
flow, it simplifies to:

OVy
ox 0

Note that we don’t need to assume steady-state for this!

Noting that the flow is horizontal, and now assuming steady-state flow, the momentum
balance equation also simplifies (exactly as before) to

pViVjVi==Vj7i = Vip
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Setting i = X we have
pViVjVx ==V = Vxp

We can eliminate all the v; terms where j = [y, Z] as the velocity is zero in those directions
(well-developed laminar-flow approximations) to give

pVxVxVy==VTx —Vyp
Again, from the continuity equation Vy vy = 0 so we have
ViTix = =Vxp
We only have stress in the x-y direction, so we end up with

Vy1yx=—=Vxp

Alternative “balance” method to derive the stress equation

Alternatively, we could start this problem by performing a force balance on a thin slab of
fluid within the system. This is a much more common method of derivation in “Transport
Phenomenon”; however, it requires some intuition.

The bottom of the slab is located at y, and thickness of the slab is Ay. The system is
at steady state, so the various forces that act on the slab will sum to zero. There are two
types of forces relevant in the problem: (i) pressure forces and (ii) viscous forces. The force
balance is then:

0 = p(x=0WAy — p(x = L)WAy + 1x(y + Ay)WL — 7, (y) WL
0 = ,D(X = O) - p(X = L) + 7—yx(y + Ay) - Tyx(y)
L Ay
w(y+Ay)—Txly) _  Ap
Ay = 1 (46)

where Ap = p(x = 0) — p(x = L). Taking the limit Ay — 0, we find

OTyx _ _A_p
oy L

Back to solving the stress equation
Carrying on, regardless of which fluid we consider, to determine the velocity distribution we
substitute Newton’s law of viscosity

OVy
Tyx = —Iu ay

into the stress balance equation (Eq. (47)), which yields

9 v _ Bp
ay oy L

9% vy Ap

o T L 4o
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This equation can be integrated twice with respect to y to yield the general velocity profile
equation, valid for either fluid:

A / /

)= gV + Ay + B (49)
ApH? [(y? A

mm=£d<#+ﬁh§> (50)

where A and B are integration constants and were redefined in the second line to make them
into dimensionless terms (not needed, just makes what follows much simpler).

In this problem, there are two fluids. In this situation, we need two velocity profile equations,
one for each fluid:

A H2 2

vl = oy (Le A+ B 51)
A H2 2

o) = oy (L + Ay B 52)

We now have four unknown integration constants. In order to specify these, we need four
boundary conditions. These are: (i) Vx4 =0at y = H, (ii) vyko =0 at y =0, (iii) Vy1 = Vx2
at y = h, and (iv) 7yx1 = Tyx2 at y = h. Boundary conditions (i)-(iii) arise from the no-slip
wall and liquid-liquid boundaries of the system. The (iv) boundary condition is Newton’s
third law (each action has an equal and opposite reaction, so each fluid exerts an equal
stress on the other). This boundary condition can also be seen from the observation that
the stress profile (Eq. (47)) is independent of the viscous properties of the flow (so the
change in viscosity between the fluids has no effect on the stress).

Boundary condition (i) yields:

Ap H?
0= 2M1 L (1 +A1 +B1)
B =—-1-A (53)

Substituting this back into the velocity profile for fluid 1, we find

A H2 2
Ve1(y) = P (y—+A1X—1—A1)

2L \H2"""H
Ap H? y? y

We can obtain the associated expression for the stress in fluid 1 by throwing the last equation
back in to the expression for the stress:

7—yx,1(.y) = —
_ApH (Z_y 4+ A1> (55)

We’ll come back to this equation later.

Substituting boundary condition (ii) into the expression for the velocity profile of fluid 2,
we find B, = 0. Therefore, we have

A H2 2
walh) = Gy (4 +A) (56)
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The associated expression for the stress is given by

OVy
Tyx,Z(y) = —pH2 8};2

_LpH (2—y + A2> (57)

Setting y = h, using boundary condition (iv), and combining the two expressions for the
stress, we have

Ty =h) = 7Tya(y = h)
ApH (2h _ ApH (2h
ol (W +A1> ol (W +A2)
A = A (58)
From boundary condition (iii), we find
Vx.1 (h) = Vx,2(h)
ApH? h? h ApH? [ R? h
“ ol {1 Tt (1 ‘ﬁ)} = 2l (m”‘zn)
h? h wi [ h? h
1—m+A1 (1—n> = —M—z(m+A1FI)
(o B e (o) P
o= [1 <M2 1) HZ] [1 ' <M2 1) H} ©9
So finally, we find
_ ApH? y y
) =~ (1= g) [T+ A+ g
ApH? ryN 1y
walt) = Gr (w) (+4) (60)

where Ay is given in Eq. (59).

b) Derive the volumetric flow rate of each phase and give the ratio of the two flow rates. The

answer is:
V1 _ 3#2 I'I3 h A1 h2 1 h3
e 0w (1-5) -5 (1) 5 (- )
3H]! (61)
X |:1 +A1§F1
Solution:

The volumetric flowrate of fluid 1 (V1), per unit width, is given by

Vi

H
/h Vx,1 (}’) dy

H 2
_/h 251 <1—%> [1+A1+%]dy

ApH® [T

= - 1—n)(1 + A +n)d
2L h/H( n)(1 + Ay +n)dn

ApH? h\ A 2 1 s
a0 (1-5) -2 ()2 ()] e
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The volumetric flowrate of fluid 2, per unit width, (V,) is given by

Z

h
/ Vea(y)dy
0

"DpH? (YN (Y

= /0 21l () (3 +4) oy
A H3 h/H

= 252L i n(n + Ar)dn

_ ApH? {77—3+A177_2} h/H
2usl |3 2 |,
ApH® [1 h® A R

= Dl [5@*?@]

Aph’ 3H
= 1+ A2
Blal { T2 h] (63)
The ratio of the volumetric flowrates is then
y 3 2 3
Vi SumHE [ (B ARy TR
Vs o h8 H 2 H? 3 H?3
3H]! (64)
X 1+A1——
2h

c) Compare the expression above for the ratio of the volumetric flows, to the ratio of the
channel occupied by the flow ((H — h)/h). Why do these differ? What does this imply for
gas-liquid systems?

Solution:

The volumetric flow-rates differ significantly from the occupation of the channel and depends
on the gas viscosity. This is because the flow profiles can be quite assymmetric in the two
channels.

This also implies that, for gas-liquid systems, the gas volumetric flow-rates can be signific-
antly higher than the liquids, even for mainly liquid-filled channels. Obviously, two-phase
flow is difficult to work with.

[Question end]

Question 69

Exam question (2011 and 2014)

The Lockhart-Martinelli parameter, X, is a critical parameter in two-phase flow pressure-drop
and liquid hold-up calculations. It is defined as the ratio of the frictional pressure drops of
each phase, calculated as if each was flowing alone in the pipe.

(ap/ (72) liq.—only

X2 =
(8p/8z)gas— only

a) Assuming that the pipe is smooth and that both phases are fully turbulent, derive the
following expression for the Martinelli parameter

1 0.875 0.125 0.5
e (5 (22) ™ 2)
X Hgas Plig.
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Extra hint: You may need the Darcy-Weissbach equation and a suitable expression for

the friction factor (see the datasheet).
Solution:

[4 marks]

For a single-phase turbulent Newtoninan fluid flowing in a smooth pipe, we can use the
Blasisus correlation for the Fanning friction factor in the Darcy-Weisbach equation to yield

Ap  0.079Re *p(v)®
L~ R

We define the mass flux as G = p (V) to yield

Ap  0.079Re '* G?

L pR

The Reynolds number is given by

_GD
W

Re

Substituting it in to the previous expression, we obtain

Ap  0.079uY*G'7®

L o RD/4

The proportion of the mass flux in the pipe which is in the gas phase is defined through the

quality, X, and we have

Gy=xG G=(1-xG

We can write the pressure drop in each phase using these mass flow rates and we have

Ap,  0.079u* (1-x)'"° G5

L piRD'/*
Ap, B 0.079 qu/4 X175 G1.75
L~ pg RDV/4

Dividing the two equations we have

X2=API/L= ﬂ 14 /1y 1.75p_g
T Apg/L Mg X Pi

Taking the square root, yields the final expression

X (MI)1/8 (1 _X>0.875 (09)1/2
=\ -
Hg X P

A mixture of saturated steam at 0.09 kg s~' and water at 1.6 kg s~ is flowing along
a horizontal pipe with an internal diameter of 75 mm. The steam has a viscosity of
g = 0.0113 x 1073 N's m~2 and density of 0.788 kg m~3. The water has a viscosity of

0.52 x 1073 N s m—2 and a density of 1000 kg m~3.
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i) Determine the flow pattern inside the pipe. [3 marks]
Solution:
We need the superficial velocity in each phase.
M, 1.6
= = ~ 0.3622m s~
U= Ay = w0.08752 1000 ~ 020eE S
M, .
Ug I - 0.09 ~25.85m s

" Ap, 70.037520.788

Examining the Chhabra and Richardson flow pattern map it is clearly predicted that
the flow is in the Annular flow regime.

ii) Determine the flow regime inside each phase of the pipe. [4 marks]
Solution:
For two phase flows, the Reynolds numbers are calculated using the superficial velocity
in place of the average velocity.

_pruyD 1000 x 0.3622 x 0.075

Roj= 2 = e o 52240
_pgUgD  0.788 x 25.85 x 0.075 _
Reg= L, = oo0ii3xios 100198

Both phases of the flow are in the turbulent regime (Re > 2300)!

iif) Calculate the two phase pressure drop multiplier (for either phase). [6 marks]
Solution:
We need to calculate the Martinelli parameter Xy for the flow using the expression given

above:
Xﬁ ( 1 X) 0.875 ( Nliq. ) 0.125 ( gas ) 0.5
X Hgas Plig.

The quality, X, is given by the ratio of the gas mass flow-rate to the total mass flow-rate.

M, 0.09

" Mg+ 009+16 0.0533

X

We can now calculate the Martinelli parameter
0.875 0.125 05
w-(50) () ()
X Hgas Plig.

_ (1-0.0533\*" 7 052 \*'* /0.788)°°
~\ 0.0533 0.0113 1000

~ 0.562
Some students choose to ignore the formula for Xy but work out the pressure drop in
each phase
Ap;  0.079p, u? Apg 0.079 pg UZ
L Re1L/4 R L - RegA' R
_0.079 x 1000 x 0.36222 B _0.079 x 0.788 x 25.852
522401/4 x 0.0375 ~ 1351981/4 x 0.0375
~ —18.28 Pam™' ~ —57.85Pam™’
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Then X? can be obtained directly

Ap/L  —18.28
Apy/L ~ —57.85
Xy ~ v0.316 ~ 0.562

~ 0.316

2 _
Xit =

Now we need to determine what expression to use for the two phase multiplier CD%q_, or

Cbgas. Using Chisholm’s relation, provided in the data sheet, we have for turbulent flows
20 1
Pl =1+ * 3z ®2,0 =1 +20 X + X°

The two phase multiplier is then

P2 =1+ 20 + 1 ®2 . =1+20 x 0.562 + 0.5622

fla-= "7 0.562 " 0.5622 gas = ' '
®jg. ~ V39.75 ~ 6.3 Pgas ~ V12.56 ~ 3.54
iv) Calculate the pressure drop over a 12 m long smooth pipe. [3 marks]

Solution:

To use the two-phase multiplier we need an expression for the single-phase pressure drop
for the liquid. We can use the Darcy-Weisbach equation provided we use the Blasius
correlation for the friction factor in smooth pipes.

C; = 0.079Re; /* = 0.079 x 52240~ "/* ~ 0.00522

The single-phase pressure drop is given by

CiLpu?
A:Olo = _%
B _0.00522 x 12 x 1000 x 0.36222
B 0.0375
~ —219 Pa

The multiphase pressure drop is given by

Ap = Ap, 95, = —219 x 39.75 ~ —8.5kPa
[Question total: 20 marks]

Question 70

A mixture of 0.15 kg s~ saturated steam and 1.6 kg s~ water is flowing along a horizontal
pipe with an inner diameter of 88.9 mm. At the conditions in the pipe, the steam has a
viscosity of yg = 0.0108 x 1072 N s m~2 and density of 0.774 kg m~3. The water has a
viscosity of 0.51 x 1073 N s m~2 and a density of 998 kg m—3.

a) Determine the flow pattern inside the pipe. How does this horizontal flow pattern differ

from the equivalent vertical flow pattern? [5 marks]
Solution:
We need the superficial velocity in each phase.
M, 1.6
= = ~ 0.2 -1
Y= A, T 70.044452 998 S8 s
M A
Ug= 2 = 0.15 ~31.22m s

" Ap,  70.0444520.774
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Looking at the flow pattern map, the flow appears to lie in the annular regime.

Horizontal annular flow differs from vertical annular flow in that the lower film is thicker
than the upper film due to the action of gravity.

Determine the flow regime for both phases of the flow. [3 marks]
Solution:

For two phase flows, the Reynolds numbers are calculated using the superficial velocity in
place of the average velocity.

_puD 998 x 0.258 x 0.0889

Rey W 0.51 x 10-3 ~ 44900
pglgD 0774 x 31.22 x 0.0889
= = ~ 1
Reg == 0.0108 x 103 99000

Both phases of the flow are well into the turbulent regime (Re > 2300).

Calculate the two-phase pressure drop multiplier (for either phase). [5 marks]
Solution:
We need to calculate the Martinelli parameter Xy for the flow.
X2 _ A:Dliq.—only
Apgas—only

The single phase pressure drops are given using the Darcy-weisbach equation for each phase
as if it were flowing alone in the pipe. First, as both phases are turbulent, we calculate the
friction factor using the Blasius correlation:

Crs=0.079Re; '/* = 0.00543
Crg = 0.079Re, '/* = 0.00374

Inserting this into the Darcy-Weisbach equation gives:

Ap\ _ Crp(v)?  0.00543 x 998 x 0.2582 »
( L ),‘ R 0.04445 =-8l2Pam

AP\ _ Cigpg(vg)® ~ 0.00374 x 0.774 x 31.222 »
( [ )g - 0.04445 = 0928 Pam

Calculating the Martinelli parameter yeilds

—8.12
X =\ —s55g ~ 0-358

We could also use the following expression from the lecture notes:

Xtt _ (1 o X>0.875 <Mliq_ )0.125 (@)0.5
X Hgas Plig.

The quality, X, is given by the ratio of the gas mass flow-rate to the total mass flow-rate.

M, 0.15

“ My« 015+16 ~0.0857

X
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We can now calculate the Martinelli parameter
0.875 0.125 05
e (57 ()" ()
X Hgas Plig.

_ (1-0.0857\%°" 7 051 \*'* 10.774\°°
~\ 0.0857 0.0108 998

~ 0.358
Now we need to determine what expression to use for the two phase multiplier CD%q_, or CDgas.
Using Chisholm’s relation, provided in the data sheet, we have for turbulent flows
20 1
2 2 2
¢”‘7-=1+7+ﬁ Poas=1+20X + X

The two phase multipliers are then

20 1
2 _ 2 _ 2
g =1+ 0.358 + 03582 Pias = 1+20 x 0.358 + 0.358
djq. ~ V64.67 ~ 8.042 byas ~ V8.288 ~ 2.879

Assuming the Farooqgi and Richardson correlation holds for this system, calculate the

liquid hold-up and estimate the true average velocities of the gas and liquid phases.
[5 marks]

Solution:

The Farooqi and Richardson correlation is given by

0.186+0.0191 X 1< X <5
H = { 0.143 X042 5 < X < 50
1/(0.97 +19/X) 50 < X < 500

Using the value of Xy = 0.358 is problematic here, as it is outside the valid range of the
Farooqi-Richardson expression. The question says to assume that the correlation holds, so
the best thing we can do under the constraints of an exam would be to extrapolate the first
expression to lower values of the Martinelli parameter.

H=0.186 +0.0191 x 0.358 ~ 0.193

A small Martinelli parameter indicates the gas phase flow is dominant in the flowline and
is capable of stripping all liquid from the line. Thus we expect the hold-up to continue
decreasing with decreasing X.

We note that the first expression has a valid minimum and maximum holdup of
Hmax = 0.186 + 0.0191 x 5~ 0.2815 Hpmin = 0.186 + 0.0191 x 1 ~ 0.2051

The predicted value is outside of these values, but not by huge amount. These empirical
expressions have large errors, so we can continue with the calculation, but we must revise
this estimate with improved expressions at a later date.

To calculate the true average velocities, we need to calculate the cross-sectional area of the
pipe available for liquid and gas flow. This is given by

A=AH Ay =A(1 —H)
= 70.044452 x 0.193 = 70.04445% (1 — 0.193)
~ 0.00120 m? ~ 0.00501 m?
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Using this available area, we can estimate the true average velocities of the flow.

- M 1.6
Aip~ 0.00120 x 998

My 0.15
Agpg  0.00501 x 0.774

~1.336m s

~ 38.68m s

(vi) =

This can be contrasted against the superficial velocities, u; = 0.258 m s~ and Uy =31.22m s~

e) Estimate the average density of the fluid using the liquid hold-up. [2 marks]
Solution:
The average density is given by

Ptwo—phase = PI H+ Pg (1 - H)
_ 998 x 0.193 + 0.774 (1 — 0.193)

~ 192 kgm3

[Question total: 20 marks]

Question 71

Consider the segregated horizontal flow of water and air between two plates of width Z =
50 cm and length L, spaced H = 5 cm apart. The two fluid phases flow at a rate of Viyazer =
10 Imin~" and Vg, = 45 | min—".

7////////////////////////////////////////,y —
Air —
- y=nh
Water
T

<€ >
L

At the conditions in the channel, water has a density of py.er = 985 kg m~—3 and a viscos-
ity of fiwater = 0.51 x 1073 Pa s. Air has a density of pa- = 1.14 kg m—3 and a viscosity of
pair = 1.89 x 107° Pa s.

a) Demonstrate that the no-slip liquid hold-up for this system is h ~ 0.91 cm. Comment on
how realistic this estimation is. [4 marks]
Solution:

The no-slip liquid hold-up assumes the phases are flowing at the same velocity in the channel.
This implies that the ratio of their flow rates is proportional to the height in the channel.
Therefore, we have

h _ Vwater 1 0

~ 0.182

H™ Vwater+ Vair ) 10 +45

which means that h = 0.91 cm. It is unlikely that this estimate is particularly realistic as
there is significant slip of the gas phase in segregated flow.
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b) Define and calculate the superficial velocity, u, and the actual velocity, (v), for the each
phase, assuming the no-slip liquid holdup estimation is correct. [5 marks]
Solution:

The term superficial implies that values are calculated assuming that each phase of the
multi-phase mixture is flowing alone in the channel. For example, the superficial water
velocity is

Vwater

Uwater = HZ

The actual flow velocity is the average velocity over the actual flow area of the phase. For
example, the actual water velocity is

Vivat
<V> water = l;vazer
The flow rates in standard units are
. 45 x 103
Vair = 60 - 75%x 1074 m® ¢!
. 10 x 1073
Viater = 0~ 1.67 x 107* m3 s~
The corresponding superficial velocities are
7.5 %x 10 1
Ugzir = m =0.08ms
1.67 x 10~*

Uyater = m = 0.0067 m 871

The actual velocity is identical for each phase due to the no-slip assumption. E.g.:

7.5 x 10~ y

W)ar = 5.5 % 0.0409 = 00367 ms
1.67 x 104 _
(Vwater = 575  0.0087 = 0-0367 m 5™

We could also calculate this through the total volumetric flow rate divided by the full channel
flow-area.

c) The Reynolds number for single-phase flow in a pipe is defined as:

Re.” VD
o
i) Define and calculate the superficial Reynolds number for the water phase. You should
note that the characteristic length for flow between two plates is 2 H. [3 marks]
Solution:

The superficial Reynolds number is just the standard Reynolds number, but using the
superficial velocity.

 2pUyaer H 2 x 985 x 0.0067 x 0.05

" 0.51 x 10-3 ~ 1294

Re

This indicates the flow is laminar if using the single-phase transition value.
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d)

f)

i) Define and calculate the Reynolds number for the actual liquid phase using the hy-
draulic diameter. You can neglect the effect of the air phase (ignore its wetted peri-
meter). Is this definition consistent? [4 marks]
Solution:

The hydraulic diameter is given in the data sheet as (see Eq. (70))

_4A

D
H="p

The cross sectional area of the flow of the water phase is A= Zh (NOT H), and the
wetted perimeter of the water phase is P, = Z (we can neglect the stress of the air
phase); therefore, we have

_4p(v)h 4x985 x0.0367 x 0.0091

[ 0.51 x 10-3 = 2580

Re

This indicates the flow is turbulent.

i) Comment on the difference between the two results, including the limitations of these
expressions. Is one estimate better than the other? [3 marks]
Solution:

The superficial Reynolds number is more likely to falsely predict laminar flow (when
using a transition region from 2000 — 2600) as it underestimates the fluid velocity.

The second Reynolds number is more likely to predict turbulent flow as it uses the
non-slip liquid hold-up (which will under-estimate the liquid hold-up due to gas slip).

However, the zero stress (unwetted air-liquid phase) condition makes this problem sim-
ilar to the bottom half of filled channel solution. In this case, we would make a substi-
tution h — h/2, and recover the first definition of the Reynolds number.

Overall, the first expression is probably better, but a better estimate of the liquid hold-
up is required to know for sure.

Assuming the no-slip liquid hold-up is correct, use the Chhabra-Richardson flow map to
calculate the flow-regime. [3 marks]
Solution:

Using the flow map in the data sheet gives that the flow regime is stratified, as expected.

Assuming the liquid hold-up remains constant, at what liquid flow-rate does the flow turn
intermittent? Why is this flow regime generally avoided? [3 marks]
Solution:

The transition point is around Uyaser =0.15 m s, which is a volumetric flow rate of Vwate, =

0.15x0.5%x0.05=3.75x 102 m3 s !, or 3.75 157, or 225 1 min~".

This flow regime is typically avoided as intermittent flow is hard to control and unsteady-
state.

Consider the following vertical flow patterns.
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A A A
6'.000 0 Y
vo 0% 5
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b) c) d)

i) Name each flow pattern, and identify which you might class as intermittent flow.
Solution:

a) Bubble flow.
b) Slug flow (intermittent).
¢) Churn flow (intermittent).
d) Annular flow.
i) Which is the most desirable flow pattern if the pressure drop is to be minimised and
why?
Solution:
The most desirable pattern is annular flow, as this minimises the liquid hold-up, which

reduces the hydrostatic pressure loss.

[Question total: 25 marks]

Example multiple choice questions for EX3030

LI/

L1111

Newtonian (A) (B) (C)

Figure 25: Non-newtonian flow profiles compared against the newtonian flow profile.

6th December 2023 Page 137 of 157



Heat, Mass, and Momentum Transfer

M. Bannerman

1) In Fig. 25, which profile corresponds to a shear thinning fluid?

2) In Fig. 25, which profile corresponds to a viscoplastic fluid?

)

)

3) Which profile in Fig. 25 corresponds to a shear thickening fluid?

4) Which profile in Fig. 25 corresponds to a Bingham-plastic fluid?
)

[2 marks]
[2 marks]
[2 marks]

[2 marks]

5) Which fluid types illustrated using the flow profiles in Fig. 25 cannot be fitted using a

power-law model?

[2 marks]

6) What are the value(s) of the flow index n in the Power-law model for a shear thickening

fluid?

8) The Prandtl number is a ratio of which two properties?
A
B

C
D) Heat capacity and thermal diffusivity.compile

Inertial and viscous forces.
Momentum diffusivity and thermal diffusivity.
Buoyancy forces and thermal diffusivity.

)
)
)
)

[2 marks]

[2 marks]

[2 marks]

9) What is the Nusselt number for conduction through a plate of thickness L and conductivity

k?

A) Nu =1

B) Nu=k/L

C) Nu=CRe"Pr™
D) Nu=L/(k A)

10) The Grashof number is a ratio of what two properties?

Drag and viscous forces

Momentum diffusivity and thermal diffusivity
Buoyancy forces and thermal diffusivity
Buoyancy forces and viscous forces

[2 marks]

[2 marks]

11) Which region of the boiling curve in Fig. 26 is the nucleate boiling regime? [2 marks]
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Figure 26: A typical boiling heat flux versus driving temperature difference curve.

12) Which region of the boiling curve in Fig. 26 is the radiative boiling regime? [2 marks]

13) Which region of the boiling curve in Fig. 26 is the operation of the boiler unstable?

[2 marks]

14) Which region or point should a boiler be operated in? [2 marks]

15) In radiation, object 1 is entirely surrounded by object 2. The area of object 1 is 15 m?,

16)

17)

while object 2 has a surface area of 58 m2. What is the view-factor of object 2 from the
point-of-view of object 1, i.e., F;_2? [2 marks]
A) Fi_» ~0.259

B) Fio=1

C) Fi»=~3.87

D)

F1—>2—

At what temperature should the properties used in the Prandtl number be evaluated for a
pipe with a temperature drop across its length? [2 marks]

A) Inlet temperature
B) Average of the wall and bulk temperature

)

)
C) Wall temperature
D) Centerline temperature
)

E) Average of inlet and outlet temperature

At what temperature should the properties used in the Prandtl number be evaluated at for
a isothermal vertical wall surrounded by a fluid which has another different temperature
far from the wall? [2 marks]

A) Inlet temperature.
B) Average of the wall and far fluid temperature.

)

)
C) Wall temperature.
D) Centerline temperature.
)

E) Average of inlet and outlet temperature.
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18)

19)

20)

21)

22)

Two liquids flowing together in a channel, what is NOT a valid boundary condition?
[2 marks]

A) Stress in each phase is equal at the interface

B

C

D) No-slip between the fluid(s) and the adjacent wall

No-slip between the two phases at the interface
No stress at the interface

)
)
)
)

Two liquids are in contact with a species diffusing between them. Which boundary con-
dition is inappropriate? [2 marks]

A) Stress in each phase is equal at the interface.
B
C

D) No-slip between the two phases at the interface.

The concentration of the diffusing species in each phase is equal at the interface.
Temperature in each phase is equal at the interface.

)
)
)
)

A vertical wall 3 m high is at a temperature of T, = 60 °C and ambient airisat T, = 10 °C.
The properties of air are given in the table below.
uw| 1.78x10°Pas p 1.2kgm=2
k | 0.02685 Wm~'1 K=" || C, | 1.005 kd kg~ K~
What is the Grashof number for this flow (select the nearest value)? [2 marks]
A) Gr=2x 108
B) Gr~2 x 10°
C) Gr~2x10°
D) Gra2 x 10"

E) Gr~2x 10"

The James Webb space telescope uses a five-layer sunshield. To what extent is the
radiative flux received from the sun reduced? [2 marks]

A
B

) All radiation is removed.
)

C) 1/6th of the radiation passes through.
)
)

1/5th of the radiation passes through.

D
E

1/25th of the radiation passes through.
1/60th of the radiation passes through.

If a fluid has a flow index of n = 1, what type of fluid is it? [2 marks]

A) Shear thickening.
B) Shear thinning.

D
E) Thixotropic.

)
)

C) Viscoplastic.
) Newtonian.
)
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23)

24)

25)

26)

27)

A wall, composed of plasterboard, brick, and insulation, is both radiating and convecting
heat on one of its sides. The other side is at a constant temperature. What is the correct
expression for its overall heat transfer coefficient? [2 marks],

—1q 1 —1

A) Riotar = Rbrick + Rp/asterboard + Rinsulation + (Rradjaﬁve + Rconvecﬁve)
1 _ - —1 —1 o -1
B) Rtotal = Rbrick + Rplasterboard + Rinsu/ation + (Rrad/at/ve + RCO”VGCUVG)

C) Riotar = Rbrick + Rplasterboard + Rinsutation + Rradiative + Reonvective

1
-1 _ o ) —1 -1 -1
D) Rtotal = Riadiative + Reonvective + (Rbrick + Rp/asterboard + Rinsu/ation)

The walls of your house have a overal heat transfer coefficient of U ~ 0.5 Wm=—2 K", If
the temperature outside is 5 °C, and inside is 23 °C, what is the heat flux? [2 marks]
A
B
C
D

) 0.009 kW m~2
) 9 kW m2

) 18 W m=2

) 0.18 kW m2

What is not a valid boundary condition for an air-water interface? [2 marks]

A) Stress in each phase is equal at the interface.
B

C
D) The velocity is zero at the interface.

No-slip between the two phases at the interface.
Approximate that there is no stress at the interface.

)
)
)
)

Consider the inside of an annulus (the zone between two concentric pipes) where the

inner radius is 20% of the outer radius. What fraction of radiation emitted from the outer

surface falls on the outer surface? [2 marks]

A) 0.8

B) 0.2

C) 1.0

D) 0.0

A viscoplastic fluid with a yield stress of 7, = 5000 Pa is forced through a circular channel

with a diameter of 0.1 cm via a pressure gradient of 106 Pa m~', what is the flowrate?
[2 marks]

A) 0 mé/hr.

B) ~12m3/hr.

C) ~ 24 m3/hr.

D) 60 mhr .
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DATASHEET
General balance equations:

dp

8—t——V',OV
oC,
a—tA=—V'NA+O'A
por = —pV-VV-V.T-Vp+,g

oT

pCp§=—pva-VT—V-q—r:Vv—pV- V + Oenergy

(Mass/Continuity) ~ (65)
(Species)  (66)
(Momentum)  (67)
(Heat/Energy)  (68)

In Cartesian coordinate systems, V can be treated as a vector of derivatives. In curvelinear
coordinate systems, the directions F, 8, and ¢ depend on the position. For convenience in
these systems, look-up tables are provided for common terms involving V.

Cartesian coordinates (with index notation examples)
where s is a scalar, v is a vector, and 7T is a tensor.

0s 0s 0s

X' By’ 5]

0?s 0°s 0°s

axe " oy? t 922

ovy 0V, OV,
+ +

VS=V,'S=[

V2s=V,;V;s =

VovE e oy 0z
V-1=V;7

v rl= 8697; o
Vol = aaT;y aazy aa?
vl = aa::z aan 887222
v-Vv=yV;y

[v-VV], = ana)v: ; Vyaa}‘//x . Vz%\;x

R

IR T3
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Cylindrical coordinates

where s is a scalar, v is a vector, and T is a tensor. All expressions involving = are for
symmetrical = only.

vs. [75 105 05
“lor’rog’ oz

st 1 a r@ +l&+&
ror \' or r2 002 = 0z2
10 10vy OV,
Vov=rar U o g
10 1079 1 0Tz
Vo= or U * a0 — 77 oz
[V 7] _1%4_87,94_% +8ng
=TF a0 T or Tt oz
10 1019, 07y
Vorle= 2o =)+ 50 * oz
oy Vg0V, 7 oV,
W vvl=vg e T ez
8V9 Vi 8v9 Vi Vy av@

V-Vl =vigr+ T o5+ =7 * Ve

8vz+ﬁ8vz+v oV,
or r 00 %0z

[v-Vv],=Vv

Spherical coordinates

where s is a scalar, v is a vector, and 7 is a tensor. All expressions involving = are for
symmetrical = only.

Vs:[% 10s 1 83]
ar’ r oo’ rsind o
2

V%:%g(r gf)+r231in0%( 0%) rzsrm%;
[V-7] = %% (rP7e) + ﬁ% (1o SiNO) + fS:n986:;¢ _ Too 7T¢¢
[V 7l = 73 () + g (msing) + 00 70 SO0
[v.7]¢_%%(27r¢)+17a§2¢ rs?neaggd)JrTerchwT%
G 1 N
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Rectangular Cylindrical Spherical
oT oT oT
qx —k5 ar —kGr ar K%
oT 19T 10T
ay —k3y, olt —k+ 5 % —k: 5
or oT 1 aT
q: _kE q: _kE 9o _kr sinf 9¢
Txx —2u%+uBV-V Trr —2u%+,uBV-V Trr —2p%+pBV-V
ov, B 190V, B 10 B
Ty | —2ugy +1uEV -V | 1 | —2p (350 + ) + PV V| T | —2u (750 + )+ PV -V
24 < 1 9v + v,+vacot6>
Toz | —2pS2 +pBV v | 7 —2pu%2 + 1BV .- v Tod rsing o¢ r
+uBV v
(v 4 0% _ O (v 10w _ 0 (v 10v
Txy M(ay'l—ax) Tro M(rar(r)+raé) Tro H rar(r)+r89r)
(2% 4 v oy (19vz 4 Ove — (808 ( Ve 1_09ve
Tyz “(az + 8y> Toz “(r o6 az) Top | —H\~r 0 (sin9)+rsin6 a£>
ov; v, v, oV 1 9v 9 (Ve
re | —n(E+dE) | T 11 (5% +52) ror | —n (gt + 1 ()

Table 4: Fourier’s law for the heat flux and Newton’s law for the stress in several coordinate
systems. Please remember that the stress is symmetric, so 7; = 7;.

Viscous models:
Power-Law Fluid:

n

= k|5 (69)
Bingham-Plastic Fluid:
Oy _ {—w (ry —70))  if Ty > 70
dy 0 if 7y < 70
Dimensionless Numbers
2
Re=" <‘;> D Rey = LA ZH <V;i Dn Rewr = _18Lp{v)” 6;2&? (70)

The hydraulic diameter is defined as Dy =4 A/P,,.
Single phase pressure drop calculations in pipes:
Darcy-Weisbach equation:

Ap  Cip(v)®
T~ R 1)

where C; = 16/Re for laminar Newtonian flow. For turbulent flow of Newtonian fluids in
smooth pipes, we have the Blasius correlation:

C;=0.079Re "/* for 2.5 x 10° < Re < 10° and smooth pipes.
Otherwise, you may refer to the Moody diagram.
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Moody Diagram
0.1 T =
0.09 -\ 4
0.08 1]
0.07 = 0.05
0.06 — 0.04
w0 ~ 0.03
0.05 2 0.02
—— 0.015 =
_ 0.04 001 &
o s o
15 ! =
& 0.03 - 0.005 2
B Crn s ! -
= i Flow) Y &
3 Iamnﬁ Flow ol 4 0.002 _%
5 U0 e e £ s e . S B s . o = 0.001 o
E = —40Q
- o Material 1 ox107% =
' Concrete, coarse .25 2.‘{10_@
Concrete, r.mw smooth 0.025 f h i 0 h : 3 . ‘ g tj
| Drawn tubing 0.0025 Complete turbulence ] A J 10 2
| Glass Plastic.Perspex 0.0025 ! R S ; ezt ] ! = ]_D_Sm
0.01 - Severoi 0y ‘ ‘ P e
F-i-| Steel, mortar lined 0] =T L e L R LT i
Steel, rusted 0.5 o REE R ! U eiily 10*5
| Steel, structural or forged  (.025 { g el S L (sl el e ' i A i
| Water mains. old 10 ‘ Friction Factor = 24 AP | .1 RPN o1 5x1078
- - R ‘ _ Abel . Smooth Pipe 10-6
10° 10° 10° 10° 10’ 10°
Reynolds Number, Re = %

Figure 27: The Moody diag

(

AV

Laminar Power-Law fluid:

_ nrt R®
T 3n+1

R

2k

Two-Phase Flow:
Lockhart-Martinelli parameter:

X2

Pressure drop calculation:

)

ram for flow in pipes.

Si=

—only

Apgasf only

2 2
Aptwo—phase = (D//q_ Apliq.—only = d)gas Apgars—on/y

Chisholm’s relation:

<D§as=1+CX+X2
20
2_£l 12
CID,,-C,__1+X+X2 C= 10
5

turbulent liquid & turbulent gas
laminar liquid & turbulent gas
turbulent liquid & laminar gas
laminar liquid & laminar gas

Farooqi and Richardson expression for liquid hold-up in co-current flows of Newtonian fluids

and air in horizontal pipes:

0.186 +0.0191 X
0.143 X042
1/(0.97 +19/X)

h=

Datasheet

1<X<5
5< X <50
50 < X < 500
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Heat Transfer Dimensionless numbers:

_hL _1G _ 98P (Tw—T) L?

Nu = 2 Pr = B Gr = e
where g = V-1(0V/oT).
Heat transfer: Resistances

Q=UrAT AT = R7_-1 AT
Conduction Shell Resistances Radiation
Rect. Cyl. Sph.
X In (Router/ Rinner) Ri;rler - R;Jter 2 2 , , -1
Rl xa 2Lk 41K [A”(Tf +Tf><Tf+T')}

Radiation Heat Transfer:

Stefan-Boltzmann constant o = 5.6703 x 1078 W m=2 K4,
Summation relationship, >, Fi,; = 1, and reciprocity relationship, Fi_; A; = F;_,; A;. Radiation

shielding factor 1/(N + 1).

Qradimj = 0 Fij A (T = T}*) = hrag. A(Too — Ta)

Natural Convection

Ra = GrPr C m

<104 1.36 1/5
104-10° 0.59 1/4
> 10° 0.13 1/3

Table 5: Natural convection coefficients for isothermal vertical plates in the empirical relation

Nu ~ C (GrPr)".
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For isothermal vertical cylinders, the above expressions for isothermal vertical plates may
be used but must be scaled by a factor, F (i.e., Nuy. ¢ = F NUy prase):

_ {1 for (D/H) > 35Gr,,"/* 72)

1/4
1.3 [H D Gr;ﬂ] +1 for (D/H) < 35Gr;,"/*
where D is the diameter and H is the height of the cylinder. The subscript on Gr indicates

which length is to be used as the critical length to calculate the Grashof number.
Churchill and Chu expression for natural convection from a horizontal pipe:

1/6
Nu'/2 = 0.6 +0.387 orfr for 105 < GrPr< 102 (73)
[1 +(0.559/Pr)?/1®
Forced Convection:
Laminar flows:
Nu ~ 0.332Re'/2Pr'/3 (74)
Well-Developed turbulent flows in smooth pipes:
Nu ~ 0.023 Re}/ Pr” (75)

where n = 0.4 if the fluid is being heated, and n = 0.3 if the fluid is being cooled.
Boiling:
Forster-Zuber pool-boiling coefficient:

0.79 ~0.45 0.49
ki Cp,L PrL

o = 0.00122 5 525" ozg gz (T — Teat)*2* (Pw — Psar)™ " (76)
L fg G
Mostinski correlations:
0.17 1.2 10
B = 0.104 p289 g°7 | 1.8 (£> +4 (ﬁ) +10 (ﬁ) 77
nb PcQq [ Do e De ( )
0.35 0.9
= 3.67 x 10* (ﬁ> { - B} 78
qc Pc P e (78)

(Note: for the Mostinski correlations, the pressures are in units of bar)
Condensing:
Horizontal pipes

k® p2 Ox Elatent /4
)

=072 (5 =

(79)

Lumped capacitance method:

gi- ke
K
Le=V/A for Bi < 0.1
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T0-Te _
To — T pVC,

1-D Transient Heat Conduction:

— A X T(r,t)—T. A
S el A WP A7 _ LU= T 20 [ MF

gy 2T -To e 50 ) n (%)
*° TI - Too Ar_

— 2
Oowall = Oocyl = Oo,sph = = = Ae T
0,wall 0,cyl 0,sph T/ — Too 1

Q sin \q ( Q ) J1 (A1)
—1— o , 1 — 20 o M)
(Qmax)wa” O.vel A Omax 0.0/

Q Sin A1 — \1 COS \1
=1-360
(Qmax> 0P A2

Finite-Difference Method:

(pgb) 8 (png) V-(T'Vep)+S (1D transport equation)

@ _ Pt = Pimt PP\ it + it — 20
dx ).~  2Ax dx2 ), = (Ax)?

7 (Ax)? sl

]

T = -20) T/ +7 (T

i+1

+ T,-j_1> +

Overall Heat Transfer Coefficient:

Q= %T = UAAT = UAAT = U,AAT

1 InD,/D; 1

R = Ri+ Ryan + Ro = hiA T omkl ¢ hoAo

Fouling Factor:

1
h;A;

+R +R +Rf°+ 1
A, wall Ao hvo

R =
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LMTD Method:

: AT, — AT, ATy — AT;

ATy ATy
In AT In AT,

ATy = Thotin — Teold,
Parallel flows: 1= Thotin 7 fcoldiin
ATZ = Thot,out - Tcold,out

A7-1 = Thot,in — Tcold,out

Counter flows:
{ T2 = Thot,out - Tcold,in

e-NTU Method:

€= QQ ,  Wwith Qmax = Cmin (Thotin — Tcoldin)  @nd  Crin = Min { Mo Cp,hots Meold Cp,cold}
max
UA;
NTU =
Cmin
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o
4

" 104_ 0"' .

s Annular Wispy
RY | i Annular
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Figure 28: Hewitt-Taylor flow pattern map for multiphase flows in vertical pipes.

10 Bubble flow
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n
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=
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% 0.05 — flow

Stratified flow
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Figure 29: Chhabra and Richardson flow pattern map for horizontal pipes.
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TABLE 4-2

Coefficients used in the one-term approximate solution of transient one-
dimensional heat conduction in plane walls, cylinders, and spheres (Bi = hi/k
for a plane wall of thickness 2L, and Bi = hr,/k for a cylinder or sphere of

TABLE 4-3

The zeroth- and first-order Bessel
functions of the first kind

radius r,) K Jolm) htm)
0.0 1.0000 0.0000
Plane Wall Cyllnder Sphere 0.1 0.9975 0.0499
Bi A A, A A, A A, 0.2 0.9900 0.0995
0.01 0.0998 1.0017 0.1412 1.0025 0.1730 1.0030 0.3 0.9776 0.1483
0.02 0.1410 1.0033 0.1995 1.0050 0.2445 1.0060 0.4 0.9604 0.1960
0.04 0.1987 1.0066 0.2814 1.0099 0.3450 1.0120
0.06 02425 1.0098 0.3438 1.0148 0.4217 1.0179 8'2 8'3‘;’28 8‘535‘;’
0.08 02791 1.0130 0.3960 1.0197 0.4860 1.0239 05 0 8812 03790
0.1 03111 1.0161 0.4417 1.0246 0.5423 1.0298 0h 0 84t 0 3ens
0.2 04328 10311 06170 1.0483 07593 1.0592 09 08075 02055
0.3 05218 1.0450 0.7465 1.0712 0.9208 1.0880 : : :
04 05932 10580 0.8516 1.0931 1.0528 1.1164 . 07652 0.4400
0.5 06533 1.0701 0.9408 1.1143 1.1656 1.1441
0.6 07051 1.0814 1.0184 1.1345 1.2644 1.1713 ié 8:;;?? g:i;gg
0.7 07506 1.0918 1.0873 1.1539 1.3525 1.1978 - gt 05220
0.8 07910 1.1016 1.1490 1.1724 1.4320 1.2236 - 05669 0.5415
09 08274 1.1107 1.2048 1.1902 1.5044 1.2488
10 08603 1.1191 12558 1.2071 1.5708 1.2732 L5 0.5118 0.5579
20 1.0769 1.1785 15995 1.3384 2.0288 1.4793 16 0.4554 0.5699
30 1.1925 1.2102 17887 1.4191 2.2889 1.6227 L7 0.3980 0.5778
40  1.2646 1.2287 19081 1.4698 2.4556 1.7202 18 0.3400 0.5815
5.0  1.3138 1.2403 1.9898 1.5029 2.5704 1.7870 L9 0.2818 0.5812
6.0  1.3496 1.2479 2.0490 1.5253 2.6537 1.8338
70 13766 1.2532 2.0937 1.5411 27165 1.8673 2.0 0.2239 0.5767
80  1.3978 1.2570 2.1286 1.5526 2.7654  1.8920 21 0.1666 0.5683
9.0 1.4149 1.2598 2.1566 1.5611 2.8044 1.9106 2.2 0.1104 0.5560
100  1.4289 1.2620 2.1795 1.5677 2.8363 1.9249 2.3 0.0555 0.5399
200  1.4961 1.2699 2.2880 1.5919 2.9857 1.9781 24 0.0025 0.5202
300 1.5202 1.2717 2.3261 1.5973 3.0372 1.9898
400 1.5325 1.2723 2.3455 1.5993 3.0632 1.9942 26 -0.0968 —0.4708
50.0  1.5400 1.2727 2.3572 1.6002 3.0788 1.9962 28 -0.1850 —0.4097
1000  1.5552 1.2731 2.3809 1.6015 3.1102 1.9990 3.0 -0.2601 —0.3391
x 1.5708 1.2732 2.4048 1.6021 3.1416 2.0000 3. -0.3202 -0.2613
Figure 30: Coefficients for the 1D transient equations.
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(a) Midplane temperature (from M. P. Heisler, “Temperature Charts for Induction and

Constant Temperature Heating,” Trans. ASME 69, 1947, pp. 227-36. Reprinted by permission

of ASME International.)

T-T,
0= Ty- T,
10 rrok = 02 e
09 WJL i iDL
0.8
0.7 Zinaniva
0.6 L
0.6 H+H
0.5
04 H 08
0.3 FHFHH
on 195
i
0110
0 1‘.‘m’ Plate
0.01 0.1 1.0 10 100
1 _k
Bi = AL

(b) Temperature distribution (from M. P. Heisler,
“Temperature Charts for Induction and Constant
Temperature Heating,” Trans. ASME 69, 1947,
pp. 227-36. Reprinted by permission of ASME
International.)

Initially | 7
T=T, |+

S

0

Qmax
L9 Bl O . ‘
038 / / y ARl
0.7 A A1V ARV AR A / / ;
0.6 -y

el R AL 1 W 1 AR
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10-5 10~ 1073 102 10! 1 10 102 103 104

Bi2t = h2ait/k?

(c) Heat transfer (from H. Grober et al.)

Transient temperature and heat transfer charts for a plane wall of thickness 2L initially at a uniform temperature 7;
subjected to convection from both sides to an environment at temperature 7., with a convection coefficient of A.
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(a) Centerline temperature (from M. P. Heisler, “Temperature Charts for Induction and
Constant Temperature Heating,” Trans. ASME 69, 1947, pp. 227-36. Reprinted by permission
of ASME International.)
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(b) Temperature distribution (from M. P. Heisler, (c) Heat transfer (from H. Gréber et al.)

“Temperature Charts for Induction and Constant
Temperature Heating,” Trans. ASME 69, 1947,
pp. 227-36. Reprinted by permission of ASME
International.)

Transient temperature and heat transfer charts for a long cylinder of radius r, initially at a uniform temperature 7;
subjected to convection from all sides to an environment at temperature 7., with a convection coefficient of /.

Figure 32:
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(a) Midpoint temperature (from M. P. Heisler, “Temperature Charts for Induction and T, T
Constant Temperature Heating,” Trans. ASME 69, 1947, pp. 227-36. Reprinted by permission h h
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(b) Temperature distribution (from M. P. Heisler,
“Temperature Charts for Induction and Constant
Temperature Heating,” Trans. ASME 69, 1947,

(c) Heat transfer (from H. Grober et al.)

Transient temperature and heat transfer charts for a sphere of radius r, initially at a uniform temperature 7; subjected to
convection from all sides to an environment at temperature 7., with a convection coefficient of A.
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(b) Two-shell passes and 4, 8, 12, etc. (any multiple of 4), tube passes Figure 10.8
Correction factor ¥ charts
for common shell-and-tube and
cross-flow heat exchangers (from
Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 2" Edition. Bowman, Mueller, and Nagle, Ref. 2).

Figure 34: Correction-factors for LMTD Method, extracted from Y. A. Cengel, “Heat trans-
fer:A practical approach”, 2nd Ed.
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(c) Single-pass cross-flow with both fluids unmixed
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(d) Single-pass cross-flow with one fluid mixed and the other unmixed . CO“‘eCllznlfﬂC“g F bChal‘tg
or common shell-and-tube an
cross-flow heat exchangers (from
Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 2" Edition. Bowman, Mueller, and Nagle, Ref. 2).

Figure 35: Correction-factors for LMTD Method, extracted from Y. A. Cengel, “Heat trans-
fer:A practical approach”, 2nd Ed.
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Effectiveness relations for heat exchangers: NTU = UA/C,,, and
€ = G/ Crnax = (MCp)in/(MCp)ray (Kays and London, Ref. 5.)

NTU relations for heat exchangers NTU = UA,/C,,, and ¢ = C,j,/Crpax =
(MC,)min/(MC, ) max (Kays and London, Ref. 5.)

Heat exchanger
type

Effectiveness relation

1 Double pipe:
Parallel-flow

Counter-flow

2 Shell and tube:
One-shell pass
2,4, ... tube
passes

3 Cross-flow
(single-pass)
Both fluids
unmixed

Cinax Mixed,
Crnin Unmixed
Cpin Mixed,
Crax Unmixed
All heat
exchangers
withc =0

1 —exp[-NTU( + ¢)]
- l+c

1 —exp [-NTU(1 —¢)]
1 —cexp [-NTU(1 — ¢)]

&=

e =

2{1+c+ V1+c2

NTUO-22
1 —exp { T

L0~ exp (1-cl1 — exp (-NTUID

&=

1 —exp {—%[1 —exp(—c NTU)]}

1 — exp(=NTU)

1+ exp [-NTUVT1 + ¢?]
1 —exp [-NTUV1 + ¢c?]

[exp (—c NTU°78) — 1]}

5

Heat exchanger type NTU relation
1 Double-pipe: _
Parallel-flow Nty = -l —e@ +ell
l+c
Counter-flow NTU = —L—In (8 - 1)
c—-1 ec—1
2 Shell and tube: 1 2e—1-—c—VIte?
One-shell pass NTU = — > In 2)
2,4, .. .tube passes I+ec 2e-=1-c+Vl+ec
3 Cross-flow (single-pass) _
Cirax Mixed, NTU = —In [1 +M}
Cinin Unmixed
Cinin Mixed, -~
Cone UNMixed nty = nlelnl-o+ 1)
4 All heat exchangers

withc =0

NTU = —In(1 — &)

Figure 36: NTU relations extracted from Y. A. Cengel, “Heat transfer:A practical approach”,

2nd Ed.
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Number of transfer units NTU = A U/C,

(a) Parallel-flow

min

Number of transfer units NTU = A U/C,

(b) Counter-flow
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Number of transfer units NTU = A U/C_.

(d) Two-shell passes and 4, 8, 12, ... tube passes

min

Figure 10.13

1

2 3 4 5

Number of transfer units NTU = A U/C_;.

(e) Cross-flow with both fluids unmixed

Figure 10.15

Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 24 Edition.

Number of transfer units NTU = A U/C,

min

(c) One-shell pass and 2, 4, 6, ... tube passes
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min

(f) Cross-flow with one fluid mixed and the
other unmixed

Figure 37: NTU plots extracted from Y. A. Cengel, “Heat transfer:A practical approach”, 2nd

Ed.
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Diffusion Dimensionless Numbers

o
- L
se Y Dag ©

Diffusion
General expression for the flux:

NA=JA+XAZNB
B

B P Cp Dag

4
3
Vsphere =5mr

3

Fick’s law:
Ja=—DagVCy
Stefan’s law:
c o0x
Nor==Di—5%r
Ideal Gas
PV=nRT R ~ 8.314598 J K~ mol™"
Geometry
Peirge =21 r Agircle = T re Asphere =4rr?
Acylinder = Icircle L chlinder = Acircle L
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